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Abstract

It is a current trend of sparse architectures employed for superconducting quan-
tum chips, which have the advantage of low coupling and crosstalk properties.
Existing qubit mapping algorithms do not take the sparsity of quantum archi-
tectures into account. To this end, we propose a qubit mapping method based
on binary integer programming, called QMBIP. First, we slice a given quan-
tum circuit by taking into account the sparsity of target architectures. Then,
the constraints and the objective function are formulated and rendered to the
binary integer programming problem by matrix transformation. The behavior of

a SWAP gate is characterized by an elementary row transformation on the map-
ping matrix between the physical and logical qubits. To reduce the search space,
we introduce path variables and isomorphic pruning, as well as a look-ahead
mechanism. Finally, we compare with typical qubit mapping algorithms such as
SABRE and SATMAP on the sparse architectures ibmg._sydney, ibmg_manhattan,
ibmg-singapore, and a dense architecture ibmq-tokyo. Experiments show that
QMBIP e ectively maintains the delity of the compiled quantum circuits. For
example, on ibmg_sydney, the delity of the quantum circuits compiled by our
approach outperforms SABRE and SATMAP by 53.9% and 46.8%, respectively.
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1 Introduction

Over the past four decades, quantum computing has been evolving at a rapid pace. In
1980, Paul Benio proposed the quantum mechanical model of Turing machines [1].
During the last two decades, tech giants have developed prototypes of quantum com-
puters aiming to solve specic tasks. For example, in late 2023, IBM released the
rst-ever 1,000-qubit superconducting quantum chip \Condor" *.

There are several ways of building a quantum computer, e.g., ion-trap quan-
tum computers [2], superconducting quantum circuits [3] and photonic quantum
devices [4]. Superconducting quantum circuits are widely investigated because they
enjoy good scalability, but in which a qubit is only connected to its adjacent qubits.
Table 1 shows the evolution of the topology and the average qubit connectivity for
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2 Preliminaries

In this section, we introduce some notions and notations of quantum computing. Let
N and C denote the set of all natural and complex numbers, respectively.

Classical information is stored in bits, while quantum information is stored in
gubits. Besides two basic stateg0i and jli, a qubit can be in any linear superposition
statej i = aj0i + bjli, wherea; b2 C satisfy the condition jaj2 + jbj? = 1. The state
j iisinthe statejOi with probability jaj? and in the state j1i with probability jb. Ina
guantum circuit, each line represents a wire. The wire does not necessarily correspond
to a physical wire but may represent the passage of time or a physical particle that
moves from one location to another through space. The scale of a quantum circuit is
the number of 2-qubit gates. The interested reader can nd more details of these gates
from the standard textbook [23].
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Fig. 1 (a) A quantum circuit; (b) The rst interactions between any two qubits

The architecture of a quantum chip called a coupling graph is denoted byG =
(Q; E), whereQ is a set of physical qubits andE is an edge set between physical qubits.
The letter g (resp. Q) denotes a logical (resp. physical) qubit set, whereg = fg gz
and Q = fQ; g2y for some index setd andJ. Apath Q1! Q>! :::! Q, consists
of a set of transformationsQ; ! Qj.1; (1 i n 1) with each transformation
denoting a SWAP gate. ACX gateisapairg=(q; ) forcé tandc;t2 |, where
g is the control qubit and q is the target qubit. The mapping between the physical
qubits and the logical qubits is ajQj j gj-dimensional matrix M , where each row
(resp. column) corresponds to a physical (resp. logical) qubits. The entryM ; =1
means that the logical qubit g is mapped to the physical qubitQ; , otherwiseM j; =0,
satisfying kM ; k; = 1. The symbol k k; denotes the 1-norm of a vector. The set
R(g) = fQ; j Mj; 6 0g consists of the candidate physical qubits mapped by logical
qubit g . The symbol R(g) denotes a seff (Q1;Q2) j Q1 2 R(%); Q2 2 R();and Q1 6
Q20, which contains all the pairs of candidate physical qubits for theCX gate g. The
rst interaction represents the rst CX gate acting on two qubits. In Fig. 1 (b), the
black edges (; ); (n; &s); (¢p; gz) correspond to the CX gateg;; gs; 0z in Fig. 1 (a),
respectively, which are in the rst slice. The blue edge €p; qu) corresponds to the gate
Oo. Fig. 2 shows the architecture of the 27-qubit quantum chipibmqg_sydney where the
nodes represent the physical qubits and the edges represent the interactions between



two physical qubits. The label on each edge is the delity of aCX gate operating on
the endpoints. The delity of a quantum circuit is the product of the delities of all
the gates.
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Fig. 2 The architecture of the 27-qubit quantum chip ibmg_sydney

The general form of a binary integer programming problem is as follows,

xXo
minimize Ci X 1)

i=1

)(1 m

such that: aiXj = band (x; 210;1g) 2)
i=1 i=1

where the constant coe cients a;;¢;b belong to [G 1], (1) is the objective function
and (2) is the constraint. To encode the constraints of a slice into a dependency chain
of variables, we de ne a boolean function,

ij
that the boolean constraints can be linearized.
3 Qubit Mapping

The qubit mapping problem mainly consists of initial mapping and qubit mapping
adjustment, which is de ned as follows.



De nition 3.1  (The Qubit Mapping Problem [5]). Input: a coupling graph G =
(Q;E)and alist =( g q";n 1, of n control relations between logical qubits
g, an integer K¢ 0, a list of allowed quantum transformations , and a function
C: ! N that gives the cost to implement each transformation. Output: Yes, if we
can produce a version of that complies with G with transformations whose total
cost does not exceed ¢ .

3.1 Slicing

The triangle pattern is our criterion for slicing in the topology of a quantum circuit.
The reasons are as follows.

e The time cost of solving a BIP problem encoded by the whole circuit is mainly
a ected by the scale of quantum circuits and target architectures.

e Compiling a quantum circuit on a sparse architecture typically needs to insert some
SWAP gates as soon as the topology of th€X gates forms a triangle.

e There are many consecutive slices with isomorphic interactions on the same qubit
set, called similar slices, which are the cornerstone of the look-ahead mechanism.

Example 3.1. The topology of the quantum circuit in Fig. 1 (a) is shown in Fig.

3. The green nodes represent incoming wire nodes and the red ones represent outgoing
wire nodes. The remaining nodes are 2-qubit gates. The label on a directed edge is the
operation qubit of the successor node. The in-degree of each gate is equal to the out-
degree. We slice the circuit topology based on the triangles marked by the blue lines
in Fig. 3. The set of slices isff g1; g2;030;f4; O5; 960; f 97; Os; Go; 01000. Note that the
gatesg; and gs have the same operational qubits, which are sliced into the third slice.

Fig. 3 The topology of the quantum circuit in Fig. 1 (a)

3.2 Initial Mapping

For di erent physical architectures, there are di erent initial mapping methods. For
example, weighted dependence graph [5] and subgraph isomorphism of the whole
guantum circuit [8] are related to the degree of nodes, which are suitable for dense
architectures such asibmq_tokyo with an average qubit connectivity of 3.9. In sparse
architectures with an average qubit connectivity of 2.1, the initial mapping may be



frequently changed during the process of circuit compilation, even though the inter-
actions of all gates are considered in the initial mapping. Thus, we only consider the
rst interactions between any two qubits for constructing an initial mapping. First, we
nd the set of maximal isomorphic subgraphs between the interactions and the target
architecture. Then, the matched isomorphic subgraphs are Itered by the sum of the
delities of each matched physical qubit and its neighbors. Here, we take the sum of
those delities, which intuitively mimics the degrees of the relevant nodes in the cou-
pling graph. Finally, the remaining nodes are mapped to the physical nodes with the
closest degree on the coupling graph.

Algorithm 1 Constructing the initial mapping

Input: The sliced quantum circuit C, the edge setE of the target architecture.
Output: A qubit mapping matrix M .
- G compute the rst interactions between any two qubits in quantum circuit C;
22 G compute a maximal isomorphic mapping betweers; and E, ltered by the
maximum sum of the delities of each matched physical qubit and its neighbors;
3. for all the unmapped logical qubit g do
Ng compute the mapped physical qubits of the neighbors ofg in the
interactions Gg;
N,  compute the unmapped neighbors of the physical qubits ifNg;
Ge Gelf g$ njn2 N, and with the closest degree togg;
end for
M convert the mapping G, to a 0{1 matrix;
return M ;

&

© ® N o a

Example 3.2. Fig. 1 (b) shows the interactions of the rst slice f (tp; t1); (as; G);
(q1; aB)g interacting with the remaining node g4, where the blue line is the rst inter-
action (o4;p) between the remaining qubitqu and the rst slice. There are some
maximum common subgraphsff ¢g $ Q1; $ Q2w $ Qsgifan $ Qzp $
Qs3; 4 $ Qug; g between the interactions and the target architecture ibmgydney.
We use the largest sum of degrees to Iter out the maximum common subgraphs with the
highest delity. The sum of delities of the partial mapping fou $ Qo; % $ Q12,4 $
Qi59is 2 (0:988 +0:992 + 0:991 + 0:991 + 0:994 + 0:994 + 0:994 + 0:993) = 15:874,
which is the sum of each label of mapped nodé®o; Q12; Q159 in Fig. 2. The qubit ¢
is still not mapped, which interacts with the mapped qubitgy and . Thus the qubit
oz should be mapped to one of the unmapped neighbdr®g; Q109 of physical qubits
R(a) [ R() = fQg; Q120. The qubit gz is mapped to the physical qubiQs with the
closest degree. The initial mapping becomefsy $ Qo; e $ Qu12;B $ Qe $ Qis50.

3.3 Constriants

The constraints of qubit mapping refer to the injective mapping from logical qubits to
physical ones and the logical gates are executable in physical devices. The executable
constraints focus on the interactions between logical gates and the interactions between
physical qubits.



3.3.1 Injective Constraint

The mapping from logical qubits to physical ones is injective in which the sum of each
column of the mapping matrix M is 1, and the sum of each row is not greater than
1, i.e,
i YR Qi yai
M i = 1 and M jii 1
i=1j=1 j=1 i=1
Suppose aSWAP gate acts on a pair of qubits Qm; Qn). Its e ect is to exchange
the m-th and n-th rows of matrix M . Based on this observation, we use §Qj
jQj-dimensional elementary matrix to describe aSWAP gate.
Example 3.3. We continue to consider the Example 3.2, focusing on the e ect of
a SWAP gate on the initial mappingfoq $ Qo;p $ Q12;B $ Qs $ Qi50- A
SWAP gate acts on the qubitQg and Q2, which is re ected by the initial mapping
matrix M o7 4 multiplied by an elementary matrix P27 27,

9 10 11 12 1 2 3 4 2 3 4
1 0 1 1
0 0 0 O© 0 0 1 0 01 0
0 0 0 O 0 0 0 0 0 0 0
0 0 0 0 E0 0 0 O 0 0 0
0 0 0 1 51 0 0 0 1 00
01 0 O M = ooooPM: 0 0O
0 0 1 0 50 0 0 0 0 0 O
10 0 O 20 1 0 0 0 0 0
0 0 0 O 0 0 0 0 0 0 0
0 0 0 O 0 0 0 O 0 0 0
0 0 0 O 0 0 0 1 0 0 1

3.3.2 Executable Constraint

Note that 2-qubit gates can only be executed on two adjacent physical qubits and a
sequence oEWAP gates can exchange the state of a qubit to any connected physical
qubit. We use the gray code algorithm [24] to compute the setP of shortest paths
that can exchange the states of a qubit pair Qm;Qn) 2 R(Qg) to any target one
(Qs;Qr) 2 E ltered by the delities, where g=(q.;q)and1l m;n;s;r j Qj. Each
path Py 2 P can be represented by a matrixPy, which is the product of a sequence
of elementary matricesPy = Py;jp,j Pk 2Pk 1; that acts on the mapping matrix M
and results in a mapping matrix M 2 after the adjustments,

M2=PM : 3)



Each shortest path is considered as an option. We use a binary variable 2 f 0; 1g
to indicate that either the path is chosen (x = 1) or not (x = 0). The path P, 2 P
moves the state of qubits Qn; Qn to the qubits Qg; Q;, which is indicated by the

the path Py 2 P is chosen depends on not only the variabley = 1, but also the truth
value of the current mapped qubit pair in the mapping matrix, i.e. M . = 1 and
M nt = 1. In summary, the path variable vy is de ned as

Vk = T (M mc i M ng ;s Xk): (4)

Example 3.4. For the quantum circuit in Fig. 1 (a), the gate g; is executable,
while the second gatey, is not executable. The current qubit pair set ofg, is R(g) =
f(Qe; Q12)0, and the target one is in the setE. We get the set of shortest paths
P = fP;;P,g ltered by the delity limitation 0.956, where P; = fQi2 ! Qg !
Qsg;P2=fQs! Qg ! Qi20: The binary variablesx; and x, represent the pathsP;
and P, respectively, satisfying the conditionx; + X, = 1. The path variable of P; is
vi = f(Me3;Mi22;%x1) = f(1;1;X1); whereM g.3 = M 12, = 1: Similarly, the path
variable of P, is vo = f (M 4:3; M 12:2;X2) = f(1;1;x2): If the constraints x; =0 and
X2 =1 hold then we also haver; =0 and v, =1, which means that the state of qubit
pair (Qs; Q12) is swapped to the qubit paifQg; Q12) following the path P,.

For each pathPy;:::; Pjpj, there is a sequence of matriM 2;:::; M j%,j correspond-
ing to it, respectively. The matrix M 2°is combined by the path variable v and the
matrix M 2 via the function f,

(

MO if vk =1;
M 2= (M % v) = k ’ 5
K (M i vio 0 otherwise ®)
When the value of the path variable v is 1, the matrix M ?°is equivalent to M 2,
otherwise M X’is set to be0. The matrices M {9::;;M %) are gathered as the mapping
P o
matrix M %= " 1"} M %% Note that all of the path variables satisfy kv k; = 1, where

Example 3.5. Now let us continue to consider the Example 3.4. We only encode
the executable constraint of the gates. For the gatg,, the paths P; and P, can be
represented by the elementary row transformation$; and P, respectively,

9 10 11 12 6 7 8 9
1

0 0
9 0 O 0 1 6 0 0 0 1
10 0 1 0 0 7 01 0 O
Py = P2 =
11 0 0 1 0 8 0O 0 1 O
12 1 0 0 0 9 1 0 0 O
. : : : X . 27 oo

27 27 27



After the elementary row transformation P; and combining with corresponding path
variable vi, we get the mapping matricesM Y= P;M and M 2= f (M 2 vy),

1 2 3 4 1 2 3 4
0 1 0 1

0 01 0 0
0 0 0 O 0
0 0 0 O 0
01 00 0
M O= 0 0 0O v o0 0
0 0 0O 0
1000 0
0 0 0 O 0
0 0 0 O 0
0 0 01 f(1;v1)
o 4 : : : L,

Similarly, after the elementary row transformation P, and combining with correspond-
ing path variable v, we get the matricesM $ and M 2°= f (M 2;v,), respectively,

1 2 3 4 1 2 3 4
1

100 0 0
0 0 0 O 0
0 0 0 O 0
0 01 0 0
MOz 0 0 0 O M = 0
0 0 0O 0
01 0 0 0
0 0 0O 0
0 0 0O 0
0 0 01 f(l;v2)

o 4 : : : L

Finally, we get the mapping matrix M °° by combining with the elementary row
transformations P, and P>,

10



f(1;v2) 0 f(l;vy) 0
0 0 0 0
0 0 0 0
0 f@;ve) f(@;v2) 0
M%=MP+mPO= ° ° ° °
0 0 0 0
f(L;ve) f(1;v2) 0 0
0 0 0 0
0 0 0 0
0 0 0 f@;vi)+ f(L;v2)

27 4

where the entryf (1;vy) + f (1;v,) of matrix M “equals to 1, since eitherv; = 1 or
v, =1 holds. So are the two nonzero entrie$ (1;v;) and f (1;v2) in the columns of
matrix M % Thus, the constraints for the quantum gateg, are as follows,

8
2 X1+ X2=1;

Vit v =1;
X1;X2;V1;Vve 2 0;1g:

For the third gate g3 = (qi; %), the qubits u and ¢z are mapped toR(qq) =
fQs; Q129 and R(xg) = fQg; Qog, respectively. The set of currently mapped qubit pairs
is R(93) = f(Qe;Qo); (Q12; Qs); (Q12;Qo)g. Then there are four pathsP = fP3 =
fQs! QogiPs=fQu2! Qo! QegPs=fQs! Qo! Q120;Ps = fQi2! Qogg
Itered by the delity limitation 0.956. The path variables are as follows,

vz = f(Mg1;Mg3;x3) = f(f(1;v2);f (1;V2); X3);
Vs =T (M 121, Meg3;%a) = T(F(1;ve); T (1;v1); Xa);
Vs = f (M 12,1, M 6:3;X5) = f(f (1;va);f (1;v1);Xs);
Ve = f(M12:1:M g:3;%6) = f(f (L;v1);f (1;v2);Xe) =0 (6)

Finally, the constraints of the gate gs are as follows,

8
2 Xzt Xg+ Xs+ Xe=1;

Va+ Vag+ Vs+ Vvg=1;
X3;X4; X5; X6; V3; Va; Vs; Ve 2 f 0; 10

11



3.4 Objective Function

The most accurate metric for evaluating a compiled circuit is the delity of the gener-
ated circuit, which is a ected primarily by the error rate of the gates in the circuit and
the error caused by decoherence. The objective function considers only the delity of
each path,

maximize Wi Vk;

i=1 k=1

where n is the number of gates in a slice andP;j is the size of the shortest path set
for the i-th gate. The weight wy is the delity of the path indicated by the variable
vi. By simply modifying the label of each edge on the architecture to a constante,
where 0< e < 1, the objective function is extended to the least number of 2-qubit
gates inserted. We summarize the encoding procedure in Algorithm 2.

Algorithm 2 Encoding into binary integer programming

Input: A slice of the quantum circuit G, a qubit mapping matrix M , the edge setE
of the target architecture and the delity limitation W.
Output: A constraint set T and the objective function F.
F OandT ; ;
. for all gin G do
if gis a 2-qubit gate then
M 00 0;
P compute the set of the shortest paths from each qubit pair Qm; Qn) 2
R(g) to any edge inE ltered by the delity limitation W,

AN I

be a vector of path variables for each pathPy 2 P as de ned in (4);
for k 1tojPjdo

M2 M;

: Qm;Qn the currently mapped qubit pairs of Py;
10: let w be the delity of the path Py;
11: compute the mapping matrix M 2 along the path P by (3) and obtain

M by combining M ? and path variable vi as de ned in (5);

12: F F+w v,
13: M%® M %+ Mm%
14: end for
15: M M o0
16: T TJ[fk vk =1;kxks =1g;
17: end if
18: end for

19: return T and F;

Example 3.6. Continuing to the Example 3.5, we consider encoding the objective
function. For each path variable, the weight is the delity of that characterized path.

12



Thus, the objective function for the rst slice is as follows,
F =0:962v; + 0:956v, + 0:988/3 + 0:962v,4 + 0:956v5 + 0:991vg:

The solution of the rst slice is x; = 0;X2{X3 =1;x4{xg =0. That is a SWAP gate
acts on the qubitsQg and Qg inserted before the gateay,. Similarly, the constraints and
objective of each slice are encoded into a BIP problem and solved. Then the compiled
guantum circuit is as shown in Fig. 4.

W ATR SR A SRS S
Q2 — S S¥ 7
Qs
Q15

® % 6 & & ® & &K & i
Fig. 4 The compiled quantum circuit
3.5 Complexity

The time complexity of our compilation is determined by the pruning strength. For a
guantum gate g, there arejR(g)j j Ej search paths. The times complexity of encoding
a quantum circuit C isjR(g)j j Ej j Cj, wherejCj is the scale of quantum circuitC.

4 E ciency
4.1 Pruning

In our approach, the number of variables is related to the size of the shortest path
set. In the worst case, there argR(g)j j Ej shortest paths for encoding a gate where
jR(Q)j = jQj j Qj 1. First, we consider pruning the set of target qubit pairs E by
isomorphism, called isomorphic pruning, since pruning the currently mapped qubits set
R(g) will a ect the existing variables. Some heuristics with a look-ahead mechanism
consider unexecutable gates in the objective function. We observed existing similar
slices in quantum circuits, which is the cornerstone of the look-ahead mechanism in
our approach. The isomorphic edges between the interactions of the similar slice and
the target architecture are considered as the target qubit pairs, which not only satis es
the execution of the gates in that slice but also takes the following similar slices into
account, which is a look-ahead mechanism. When the gates in a slice are mapped, the
gates in the next similar slice are also mapped in the maximum isomorphic subgraph,
which only needs inserting a fewSWAP gates. The scale of target qubit pairs of a
slice reduces fromjGj j Ej to several maximum isomorphic subgraphs, whergGj is

13



the number of matched gates in a slice. Other gates still use the sef as the set of
target qubit pairs and the paths Py 2 P that have a low delity will be Itered out.
Example 4.1. In Example 3.6, the rst and second slices are similar, since their
interactions on the same qubit set are isomorphic. The maximum isomorphic subgraph
of the rstslice Itered by the maximum delity remains f(Qg; Q12); (Q12; Q15)g, which
is also the maximum isomorphic subgraph of second slidey,; gs; gsg. Then, the path
set for the second gate iff Qs ! Qg ! Q1299 and the path set for the third gate is
ff Qs ! Qogg. After isomorphic pruning, there are only 2 path variables for encoding
the rst slice. Compared with the encoding method without isomorphic pruning in
Example 3.6, isomorphic pruning uses 4 fewer path variables.

4.2 Optimization

The optimization of qubit mapping is in three aspects, look-ahead in the initial map-
ping, gate cancellation and rearrangement of 1-qubit gates. In the previous work, Li
et al. [7] reverses the whole circuit to optimize the initial mapping. Here we make use
of this idea for our optimization. Let Cy., = C1C,:::C, denote the rst n slices in a
quantum circuit C, whereCi; 1 i nis a slice. After compiling the fragment Cy.,,
the mapping is denoted by M  which is used as the initial mapping for compiling
the inverse of the fragmentC,.}. Finally, we get the mapping M % which is used as a
new initial mapping. Our approach looks ahead to one slice for constructing the ini-
tial mapping, i.e. n = 2. Furthermore, the inserted SWAP gates may produce gate
cancellation with the existing CX gates in the quantum circuit. Thus we consider a
simple optimization of the compiled circuit, which contains gate cancellation and com-
mutation gates [25]. The position of the SWAP gates that are inserted a ects the
delity of the neighboring 1-qubit gates. Our approach rearrangesSWAP gates and
1-qubit gates to improve the delity of 1-qubit gates.

5 Experimental Evaluation

5.1 Implementation and Benchmarks

QMBIP is implemented in Matlab 2019a with a solver Gurobi and Python 3.7. All the
experiments are conducted on a Ubuntu machine with a 2.2GHz CPU and 64G mem-
ory. Considering the factors of solving time and local optima, we use some functions
of RevLib [26] with no more than 300 2-qubit gates as benchmarks, which have also
been adopted in several related work. We compare QMBIP with the latest constrained-
based algorithm SATMAP [14], which is based on maximum satis ability and the
industry-recognized excellent heuristic algorithm SABRE [7]. Table 2 lists the number
and time cost of benchmarks successfully solved by the approaches SABRE, SATMAP
and QMBIP on three sparse architectures and a dense one. The compilation time for
a single instance is within 24 hours. The data of those target architectures is reported
from Qiskit*. Figs. 5{9 more intuitively show the performance of the three meth-
ods on the benchmark and the blue markers indicate the performance of QMBIP, the
green indicates SATMAP and the red indicates SABRE.

“https://Qiskit.org, accessed 17 December 2023.
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