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1. INTRODUCTION

An important issue in quantum process algebra is to discover a quantum generali-
sation of bisimulation preserved by various process constructs, in particular, parallel
composition, where one of the major differences between classical and quantum sys-
tems, namely quantum entanglement, is present. Jorrand and Lalire [Jorrand and

This work was supported by Australian ARC grants DP110103473, DP130102764, and FT100100218. Y.
F. and M. Y. are also supported by the Overseas Team Program of Academy of Mathematics and Systems
Science, Chinese Academy of Sciences. Y.D. was partially supported by the National Natural Science Foun-
dation of China (61173033, 61033002) and the NSFC-ANR joint project (61261130589). Authors’ addresses:
Y. F. and M. Y.: Centre of Quantum Computation & Intelligent Systems (QCIS), Faculty of Information
Technology, University of Technology, Sydney, City Campus, 15 Broadway, Ultimo, NSW 2007, Australia,
and State Key Laboratory of Intelligent Technology and Systems, Tsinghua National Laboratory for In-
formation Science and Technology, Department of Computer Science and Technology, Tsinghua University,
Beijing 100084, China. Y. D.: Department of Computer Science and Engineering, School of Electronics and
Informatics, Shanghai Jiao Tong University, 800 Dongchuan Road, Shanghai 200240, China. Email ad-
dresses: Y. F., Yuan.Feng@uts.edu.au; Y. D., deng-yx@cs.sjtu.edu.cn; M. Y., Mingsheng.Ying@uts.edu.au.
Permission to make digital or hard copies of part or all of this work for personal or classroom use is granted
without fee provided that copies are not made or distributed for profit or commercial advantage and that
copies show this notice on the first page or initial screen of a display along with the full citation. Copyrights
for components of this work owned by others than ACM must be honored. Abstracting with credit is per-
mitted. To copy otherwise, to republish, to post on servers, to redistribute to lists, or to use any component
of this work in other works requires prior specific permission and/or a fee. Permissions may be requested
from Publications Dept., ACM, Inc., 2 Penn Plaza, Suite 701, New York, NY 10121-0701 USA, fax +1 (212)
869-0481, or permissions@acm.org.

¢ 0 ACM 1529-3785/0/-ART0 $10.00

DOI 10.1145/0000000.0000000 http://doi.acm.org/10.1145/0000000.0000000

ACM Transactions on Computational Logic, Vol. 0, No. 0, Article 0, Publication date: 0.
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Lalire 2004; Lalire 2006] defined a branching bisimulation for their Quantum Process
Algebra (QPAlg), which identifies quantum processes whose associated graphs have
the same branching structure. However, their bisimulation cannot always distinguish
different quantum operations, as quantum states are only compared when they are
communicated. Moreover, the derived bisimilarity is not a congruence; it is not pre-
served by restriction. Bisimulation defined in [Feng et al. 2007] indeed distinguishes
different quantum operations but it works well only for finite processes. Again, it is not
preserved by restriction. In [Ying et al. 2009], a congruent bisimulation was proposed
for a special model where no classical datum is involved. However, as many impor-
tant quantum communication protocols such as super-dense coding and teleportation
cannot be described in that model, the scope of its application is very limited.

A general notion of bisimulation for the quantum process algebra qCCS developed
by the authors was found in [Feng et al. 2011; 2012], which enjoys the following nice
features: (1) it is applicable to general models where both classical and quantum data
are involved, and recursion is allowed; (2) it is preserved by all the standard process
constructs, including parallel composition; and (3) quantum operations are regarded
as invisible, so that they can be combined arbitrarily. Independently, a bisimulation
congruence in Communicating Quantum Processes (CQP), developed by Gay and Na-
garajan [Gay and Nagarajan 2005], was established by Davidson [Davidson 2011].
Later on, motivated by [Sangiorgi 1996], an open bisimulation for quantum processes
was defined in [Deng and Feng 2012] that makes it possible to separate ground bisim-
ulation and the closedness under super-operator applications, thus providing not only
a neater and simpler definition, but also a new technique for proving bisimilarity. It
is worth noting that a group from University of Tokyo and NTT Corporation [Kubota
et al. 2012] has already implemented a software tool to decide bisimilarity of qCCS
configurations, and used it to check the security of BB84 quantum key distribution
protocol [Bennett and Brassard 1984].

The various bisimulations defined in the literature, however, have a common short-
coming: they all resort to the instantiation of quantum variables by quantum states.
As a result, to check whether or not two processes are bisimilar, we have to accompany
them with arbitrarily chosen quantum states, and check if the resultant configurations
are bisimilar. Note that all quantum states constitute a continuum. The verification of
bisimilarity is actually infeasible from an algorithmic point of view. The aim of the
present paper is to tackle this problem with the powerful symbolic bisimulation tech-
nique [Hennessy and Lin 1995; Burch et al. 1992]. This paper only considers qCCS,
but the ideas and techniques developed here apply to other quantum process algebras.

As a quantum extension of value-passing CCS, qCCS has both (possibly infinite)
classical data domain and (doomed-to-be infinite) quantum data domain. The possibly
infinite classical data set can be dealt with by symbolic bisimulation [Hennessy and
Lin 1995] for classical process algebras directly. However, in qCCS, we are also faced
with the additional difficulty caused by the infinity of all quantum states. The current
paper solves this problem by introducing super-operator valued distributions, which al-
lows us to fold the operational semantics of qCCS into a symbolic version and provides
us with a notion, also called symbolic bisimulation for simplicity, where to check the
bisimilarity of two quantum processes, only a finite number of process-superoperator
pairs need to be considered, without appealing to quantum states. To be specific, we
propose

— a symbolic operational semantics of qCCS in which quantum processes are described
directly by the super-operators they can perform. It also incorporates a symbolic
treatment for classical data.
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— a notion of (strong) symbolic bisimulation, based on the symbolic operational seman-
tics, as well as an efficient algorithm to check its ground version. Note that previous
bisimulations proposed in the literature are all weak ones where internal actions are
abstracted. However, for technical reasons, we only consider strong bisimulation in
this paper.

— the coincidence of symbolic bisimulation with the open bisimulation defined in [Deng
and Feng 2012], when strong bisimulation is considered.

— amodal characterisation of symbolic bisimulation by a quantum logic as an extension
of Hennessy-Milner logic.

The remainder of the paper is organised as follows. In Section 2, we review some
basic notions from linear algebra and quantum mechanics. The syntax and (ordinary)
operational semantics of qCCS are presented in Section 3. We also review the defini-
tion of open bisimulation presented in [Deng and Feng 2012]. Section 4 collects some
definitions and properties of the semiring of completely positive super-operators. The
notion of super-operator valued distributions, which serves as an extension of proba-
bilistic distributions, is also defined. Section 5 is the main part of this paper where
we present a symbolic operational semantics of qCCS which describes the execution of
quantum processes without resorting to concrete quantum states. Based on it, symbolic
bisimulation between quantum processes, which also incorporates a symbolic treat-
ment for classical data, motivated by symbolic bisimulation for classical processes, is
presented and shown to be equivalent to the open bisimulation in Section 3. Section 6
is devoted to proposing an algorithm to check symbolic ground bisimulation, which is
applicable to reasoning about the correctness of many existing quantum communica-
tion protocols. In Section 7 we propose a modal logic which turns out to be both sound
and complete with respect to the symbolic bisimulation. We outline the main results
in Section 8 and point out some directions for further study. In particular, we suggest
the potential application of our results in model checking quantum communication
protocols.

2. PRELIMINARIES

For the convenience of the reader, we briefly recall some basic notions from linear
algebra and quantum theory which are needed in this paper. For more details, we
refer to [Nielsen and Chuang 2000].

2.1. Basic linear algebra
A Hilbert space H is a complete vector space equipped with an inner product

hji:H HDIYC
such that

() h ji Oforanyj i2H,with equality if and only ifj i =0;
@ hjp=hji;p
(3)hj iCij ii: iCihj ii,
where C is the set of complex numbers, and for each ¢ 2 C, ¢ standsfor the complex
conjugate of c. For any vector j 12 H,its length jjj ijjis definedtobe h j i,anditis
said to be normalised if jjj ijj = 1. Two vectors j 1and | i are orthogonal ifh j i =0.
An orthonormal basis of a Hilbert space H is a basis fjiig where each jii is normalised
and any pair of them are orthogonal.

Let L(H) be the set of linear operators on H. For any A 2 L(H), A is Hermitian if
AY = A where AY is the adjoint operator of A such thath jAYj i =h jAj 1 for any
j 1;j 1 2 H. The fundamental spectral theorem states that the set of all normalised
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eigenvectors of a Hermitian operator in L(H) constitutes an orthonormal basis for H.
That is, there exists a so-called spectral decomposition for each Hermitian A such that
> >
A= |jl Ihlj = iEi
i i2spec(A)

where the set fjiig constitutes an orthonormal basis of H, spec(A) denotes the set of
eigenvalues of A, and E; is the projector to the corresponding eigenspace of ;. A linear
operator A 2 L(H) is unitary if A’A = A = Iy where | is the identity operator
on H. The trace of A is defined as tr(A) = ;hijAjii for some given orthonormal basis
fjiig of H. It is worth noting that the trace function is actually independent of the
orthonormal basis selected. It is also easy to check that the trace function is linear and
tr(AB) = tr(BA) for any operators A; B 2 L(H).
Let H,; and H; be two Hilbert spaces. Their tensor product H; Hs is defined as
a vector space consisting of linear combinations of the vectors j 1 o1 = j 1ij 2f =
j 1l J oi withj i 2 Hy and j »i 2 Hs. Here the tensor product of two vectors is
defined by a new vector such that
y O 1
X - - ) X - - X - - - -
il il @ il jiA= i jlit ] e
i i ij

Then H; H, is also a Hilbert space where the inner product is defined as the following:
for anyj 1i,] 1i 2 H,; andj Ql,J Qi 2 HQ,

h 1 2] 1 of =h 1] 1iH1h 2] 2iH2

where h j iy, is the inner product of H;. For any A; 2 L(H;) and A; 2 L(H2), A1 Aqis
defined as a linear operator in L(H; Hs) such that for each j 11 2 H; andj 2i 2 Hy,

(A1 AQ)J 1 gi:Alj 1i AQJ 2i:

The partial trace of A2 L(H; Hs) with respect to H; is defined as try, (A) = PihijAjii
where fjiig is an orthonormal basis of H;. Similarly, we can define the partial trace of
A with respect to Hs. Partial trace functions are also independent of the orthonormal
basis selected.

Traditionally, a linear operator E on L(H) is called a super-operator on H. A super-
operator is said to be completely positive if it maps positive operators in L(H) to pos-
itive operators in L(H), and for any auxiliary Hilbert space H’, the trivially extended
operator lo E also maps positive operators in L(H’ H) to positive operators in
L(H" H). Here I is the identity operator on L(H'). The elegant and powerful Kraus
representation theorem [Kraus 1983] of completely positive super-operators states that
a super-operator E is completely positive if and only if there is some set of operators
fE; : i 2 1g with appropriate dimension such that

>
E(A) = EiAE!

i21
for any A 2 L(H). The operators E; are called Kraus operators of E. We abuse the
notation slightly by denoting E = fE; : i 2 1g. A super-operator E is said to be trace-
nonincreasing if tr(E(A))  tr(A) for any positive A 2 L(H), and ¢race-preserving if
the equality always holds. Equivalently, a super-operator is trace-nonincreasing com-
pletely positive (res&, trace-preserving ﬁpmpletely positive) if and only if its Kraus
operators E; satisfy ;EJEi | (resp. ;EJEi = 1). In this paper, we will use some
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well-known (unitary) super-operators listed as follows: the quantum control-not super-
operator CN = fCy g performed on two qubits where

Or1000t

_B0100C.

CN—80001 ’
0010

the 1-qubit Hadamard super-operator H = fHg, and Pauli super-operators =
flog; ' =1Xg; 2=f1Zg,and > = fY g where
1 11

o -
= O

01 .__ 10 0 i
10 4% o0 1 Y i 0

We also use the notations X;Z, and Y to denote

X =

1. 2 and 3, respectively.

2.2. Basic quantum mechanics

According to von Neumann’s formalism of quantum mechanics [von Neumann 1955],
an isolated physical system is associated with a Hilbert space which is called the state
space of the system. A pure state of a quantum system is a normalised vector in its
state space, and a mixed state is represented by a density operator on the state space.
Here a density operator on Hilbert space H is a positive linear operator such that
tr( ) = 1. Another equivalent representation of a density operator is a probabilistic
gnsemble of pure states. In particular, givgp an ensemble f(p;;j ji)g where p; 0,
iPi =1,andj jiarepure states,then = ;p;[j ii]is a density operator. Here [j ji]
denotes the abbreviation of j jih jj. Conversely, each density operator can be generated
by an ensemble of pure states in this way. As a pure state can be regarded as a special
mixed state, in this paper we use the term quantum state to denote a mixed state, or
equivalently, a density operator. The set of density operators on H can be defined as

DH)=Ff 2L(H) : ispositive and tr( ) = 1g:

The state space of a composite system (for example, a quantum system consisting of
many qubits) is the tensor product of the state spaces of its components. For a mixed
state on H; H,, partial traces of have explicit physical meanings: the density
operators try, and try, are exactly the reduced quantum states of on the second
and the first component system, respectively. Note that in general, the state of a com-
posite system cannot be decomposed into the tensor product of the reduced states on
its component systems. A well-known example is the 2-qubit state

ji:éﬂmwﬂm

which appears repeatedly in our examples in this paper. This kind of state is called
an entangled state. To see the strangeness of entanglement, suppose a measurement
M = [j0i] + 1[jli] is applied on the first qubit of j i (see the following for the def-
inition of quantum measurements). Then after the measurement, the second qubit
will definitely collapse into state jOi or jli depending on whether the outcome (or ;
is observed. In other words, the measurement on the first qubit changes the state of
the second qubit in some way. This is an outstanding feature of quantum mechanics
which has no counterpart in the classical world, and is the key to many quantum in-
formation processing tasks such as teleportation [Bennett et al. 1993] and super-dense
coding [Bennett and Wiesner 1992].
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The evolution of a closed quantum system is described by a unitary operator on its
state space: if the states of the system at times t; and t; are ; and -, respectively, then
o = U 1UY for some unitary operator U which depends only on t; and t,. In contrast,
the general dynamics which can occur in a physical system is described by a trace-
preserving super-operator on its state space. Note that the unitary transformation
U( ) =U UYis a trace-preserving super-operator.

A quantum measurement is described by a collection fM,g of measurement opera-
tors, where the indices m refer to the measurement outcomgs It is required that the
measurement operators satisfy the completeness equation M} Mm = Iy. If the
system is in state , then the probability that measurement result m occurs is given
by

p(m) = tr(MyMm );

and the state of the post-measurement system is My, MY,=p(m):
A particular case of measurement is projective measurement which is usually repre-
sented by a Hermitian operator. Let M be a Hermitian operator and

M = MEm (1)
m2spec(M)

its spectral decomposition. Obviously, the projectors fE, : m 2 spec(M)g form a quan-
tum measurement. If the state of a quantum system is , then the probability that
result m occurs when measuring M on the system is p(m) = tr(En, ); and the post-
measurement state of the system is E,, Em=p(m): Note that for each outcome m, the
map

Em()=Em Em

is a super-operator by Kraus Theorem,; it is not trace-preserving in general.

Let M be a projective measurement with Eq.(1) its spectral decomposition. We
call M non-degenerate if for any m 2 spec(M), the corresponding projector E, is 1-
dimensional; that is, all eigenvalues of M are non-degenerate. Non-degenerate mea-
surement is obviously a very special case of general quantum measurement. However,
when an ancilla system with a fixed state is provided, non-degenerate measurements
together with unitary operators are sufficient to implement general measurements.

3. QCCS: SYNTAX AND SEMANTICS

In this section, we briefly review the syntax and semantics of a quantum extension
of value-passing CCS [Milner 1989; Hennessy and Ingélfsdéttir 1993], called qCCS,
studied in [Feng et al. 2007; Ying et al. 2009; Feng et al. 2011; 2012], and the definition
of open bisimulation between qCCS processes presented in [Deng and Feng 2012].

3.1. Syntax

We assume three types of data in qCCS: Bool for booleans, real numbers Real for clas-
sical data, and qubits Qbt for quantum data. Let cVar, ranged over by X;y;:::, be the
set of classical variables, and ¢Var, ranged over by q;r;:::, the set of quantum vari-
ables. It is assumed that ¢Var and ¢Var are both countably infinite. We assume a set
Exp of classical data expressions over Real, which includes cVar as a subset and is
ranged over by e;€";:::, and a set of boolean-valued expressions BEzp, ranged over by
b;b’;:::, with the usual set of boolean operators tt , ff , -, ~, , and Y. In particular,
we let e / € be a boolean expression for any e;e' 2 Exp and /2 f>;<; ; ;=g. We
further assume that only classical variables can occur free in both data expressions
and boolean expressions. Let cChan be the set of classical channel names, ranged over
by c;d;:::, and ¢Chan the set of quantum channel names, ranged over by c;d;:::. Let
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Symbolic bisimulation for quantum processes 0:7

Chan = c¢Chan [ qChan. A relabelling function f is a one to one function from Chan to
Chan such that f(cChan)  c¢Chan and f(qChan) qChan.

quantum variables and the dimension n is understood. Sometimes we also use € to
denote the string q; :::qn. We assume a set of process constant schemes, ranged over
by A;B;:::. Assigned to each process constant scheme A there are two non-negative
integers arc(A) and ary(A). If B is a tuple of classical variables with jgj = ar¢(A), and ¢
a tuple of distinct quantum variables with jgj = ary(A), then A(®; g) is called a process
constant. When ar.(A) = arq(A) = 0, we also denote by A the (unique) process constant
produced by A.

Based on these notations, the syntax of qCCS terms can be given by the Backus-
Naur form as

t == nil jA(e;6) ] :tjt+t]tktjtnL jt[f]jifb thent
n= je?xjclejc?qjclgjElelj M[eX]

where ¢ 2 c¢Chan, X 2 cVar, ¢ 2 qChan, q 2 ¢Var, @ qVar,e 2 Exp,e Exp, 1is
the silent action, A(®; @) is a process constant,  is a relabelling function, L  Chan,
b 2 BExp, and E and M are respectively a trace-preserving super-operator and a non-
degenerate projective measurement applying on the Hilbert space associated with the
systems @. In this paper, we assume all super-operators are completely positive.

To exclude quantum processes which are not physically implementable, we also re-
quire q 2 qv(t) in clg:t and qv(t) \ qv(u) = ; in tku, where for a process term t, qv(t) is
the set of its free quantum variables inductively defined as follows:

qv(nil) = ; qv( ) = qu(t)
qv(c?x:t) = qv(t) qv(cle:t) = qv(t)
qv(c?q:t) = qv(t) fag qv(clg:t) = qv(t) [ fag
qv(Elel't) = qv(t) [ e qgv(M[gXx]:t) = qu(t) L e
qv(t+u) = qv(t) Lqv(u) qv(tku) = qv(t) Lqv(u)
qv(t[f]) = qv(t) qv(tnL) = qv(t)
qv(if b then t) = qv(t) qv(A(e;e) = e

The notion of free classical variables in quantum processes, denoted by fv(), can be
defined in the usual way with the only modification that the quantum measurement
prefix M[eg; x] has binding power on X. A quantum process term t is closed if fv(t) = ;.
We let T, ranged over by t;u; , be the set of all qCCS terms, and P, ranged over by
P;Q; ,the set of closed terms. To complete the definition of CCS syntax, we assume
that for each process constant A(g; g), there is a defining equation
NCORR:

where fv(t) e and qu(P) & Throughout the paper we implicitly assume that
process terms are identified up to -conversion.

The process constructs we give here are quite similar to those in classical CCS, and
they also have similar intuitive meanings: nil stands for a process which does not
perform any action; ¢c?X and cle are respectively classical input and classical output,
while c?q and clq are their quantum counterparts. E[g] denotes the action of performing
the super-operator E on the qubits @ while M[g; X] measures the qubits @ according to
M and the measurement outcome is substituted for the classical variable X. + models
nondeterministic choice: t + u behaves like either t or u depending on the choice of
the environment. k denotes the usual parallel composition. The operators nL and [f]
model restriction and relabelling, respectively: tnL behaves like t as long as any action
through the channels in L is forbidden, and t[f] behaves like t where each channel
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0:8 Y. Feng et al.

name is replaced by its image under the relabelling function f. Finally, if b then t is
the standard conditional choice where t can be executed only if b is tt .

An evaluation is a function from c¢Var to Real; it can be extended in an obvious
way to functions from Fzxp to Realand from BFEzxp to ftt ;ff g, and finally, from T to P.
For simplicity, we still use to denote these extensions. Let fv=xg be the evaluation
which differs from only in that it maps X to v.

3.2. Transitional semantics

For each quantum variable q 2 ¢Var, we assume a 2-dimensional Hilbert space Hg to
be the state space of the g-system. For any SO qVar, we denote

q2S

In particular, H = H,y,, is the state space of the whole environment consisting of all
the quantum variables. Note that H is a countably-infinite dimensional Hilbert space.

Suppose P is a closed quantum process. A pair of the form hP; i is called a config-
uration, where 2 D(H) is a density operator on H (As H is infinite dimensional,
should be understood as a density operator on some finite dimensional subspace of H
which contains Hgy(p)). The set of configurations is denoted Con, and ranged over by
C;D; .Let

Act, = F g [ fc?v;clvjc 2 cChan;v 2 Real [ fc?r;clr jc 2 ¢qChan;r 2 gqVarg:

For each 2 Act;, we define the bound quantum variables ghv( ) of asgbv(c?r) = frg
and gbv( ) = ; if is not a quantum input. The set of channel names used in action

is denoted by cn( ); that is, cn(c?v) = cn(clv) = fcg, cn(c?r) = cn(c!r) = fcg, and
cn( ) = ;. We also extend the relabelling function to Act; in an obvious way.

Let Dist(Con), ranged over by ; ; , be the set of all finite-supported probabilistic
distributions over Con. Then the operational semantics of qCCS can be given by the
probabilistic labelled transition system (pLTS) hCon;Act:;7 ¥i, where 7 ¥ Con
Act. Dist(Con) is the smallest relation satisfying the inference rules depicted in
Fig. 1. The symmetric forms for rules Par., C-Com;, Q-Com,, and Sum; are omitted.

In these rules, we abuse the notation slightly by writingC 7% DifC7 ¥ where
is the simple distribution such that (D) = 1. We also use the obviops extension of the
function k on configurations tglistributions. To be precise, if = 5, pihP;; ii then

kQ denotes the distribution 5, pihPikQ; ji. Similar extension applies to [f] and
nL.

3.3. Open bisimulation

In this subsection, we recall the basic definitions and properties of open bisimulation
introduced in [Deng and Feng 2012]. Let R Con Con be a relation on configurations.
We can lift R to a relation on Dist(Con) by writing R if

P
1 = i1 PiCi,
(2) for epeh i 2 1, CiRD; for some Dj, and
@) = i21 piDi.

Note that here the configurations Cj;i 2 I; are not necessarily distinct.

Definition 3.1. A symmetricrelation R Con Conis called a (strong) open bisim-
ulation if for any hP; i;hQ; i 2 Con, hP; IRhQ; i implies that

(1) qv(P) = qv(Q), and trqv(P)( )= trqv(Q)( ),
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Symbolic bisimulation for quantum processes 0:9

Fig. 1. Operational semantics of qCCS. We denote by [[ell the evaluation of e, and E, the super-operator E
acting on quantum system r.

(2) for any trace-preserving super-operator E acting on HW (Again, E should be
understood as a super-operator on some finite dimensional subspace of H

whenever hP;E( )i 7Y | there exists such thathQ;E( )i7¥ and R .
Definition 3.2.

W)

(1) Two quantum configurations hP; i and hQ; i are open bisimilar, denoted by
hP; i _ hQ; i, if there exists an open bisimulation R such that hP; iRhQ; i;

(2) Two quantum process terms t and u are open bisimilar, denoted by t _ u, if for any
quantum state 2 D(H) and any evaluation ,ht ; i _hu ; I:

To illustrate the operational semantics and open bisimulation presented in this sec-
tion, we give a simple example.

Example 3.3. This example shows two alternative ways of setting a quantum sys-
tem to the pure state jOi. Let P ©f Set? [q]:1[g]:nil and

Q ® My [q; x]:(if x = 0 then 1[g]mil + if x = 1 then X [g]:nil);

where Set® = fj0ih0j; jOihljg, Mo.; is the 1-qubit measurement according to the compu-
tational basis fj0i;jlig, I is the identity super-operator, and X is the Pauli-X super-
operator. For any 2 D(H), thd pLTSs rooted 6 Tf 86.055 0 Td [(nu9.962(81uper)37(-operator)10v.0 6.97q8
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Q,pd
B, p] T
1
T Po P1
1
t[g].nil, [0L10] T (p) I [Qo, |0610] [T (p) T [Qy, |16 [ (p)d
T T T
1 1 1
[mil, [0 T0] [EF (p) ) il [0(GT0] ¥ (p) ) il 010 7 (p)

Fig. 2. pLTSs for the two ways of setting a quantum system to jOi

and p; = tr(jiihij; ). Note that both P and Q are free of quantum input. We can show
P _ Q easily by verifying that the relation R [ R !, where

R = f(hP; i;hQ; 1); (h[g]:nil; oi;hQo; oi);
(hgImil; (i;hQq; 1i); (mil; oi;hmil; oi) : 2 D(H)g

and ; =jiihij; try ,is an open bisimulation.

4. SUPER-OPERATOR VALUED DISTRIBUTIONS

One of the aims of this paper is to propose a symbolic operational semantics for qCCS,
in which the behaviour of a quantum process is described not by the effect on specific
quantum states, but by the accumulated super-operators they can perform. To this end,
we need to replace the probabilities occurring in quantum measurements by super-
operators, and accordingly, extend the ordinary probabilistic distributions to super-
operator valued distributions.

4.1. Semiring of super-operators

We denote by S(H) the set of super-operators on H, ranged over by A;B; . Obviously,
both (S(H); 04; +) and (S(H); IH; ) are monoids, where Iy and O are the identity and
null super-operators on H, respectively, and is the composition of super-operators de-
fined by (A B)( ) = A(B( )) for any 2 D(H). We always omit the symbol and write
AB directly for A B. Furthermore, the operation is (both left and right) distributive
with respect to +:

A(81 + BQ) = AB; + ABy; (Bl + BQ)A = B;A + B5A:
Thus (S(H); +; ) forms a semiring.
For any A;B 2S(H)andV  ¢Var, we write A. y Bifforany 2 D(H), try-(A( )) Vv
try-(B( )), where V is the complement set of V in ¢Var, and V is the Léwner preorder
defined on operators such as A v B if and only if B A is positive semi-definite. Let

~v be . v \ &y . We usually abbreviate . . and ~. to. and =, respectively. It is easy
to check that if A and B have Kraus opefgtors TA; 1 i 2 lgand fB; : j 2 Jg respectively,

then A. Bifandonlyif 5, AJAi v ;,; B!Bj. The following proposition is direct
from definitions:

PROPOSITION 4.1. Let A and B 2 S(H). Then

(1) A= 1y ifand only if Ais trace-preserving, i.e., tr(A( )) =tr( ) forany 2 D(H).
(2) A <0y ifandonly if A =0n.

ACM Transactions on Computational Logic, Vol. 0, No. 0, Article 0, Publication date: 0.
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The next lemma, which is easy from definition, shows that the equivalence relation
~v 1s preserved by the right application of composition.

LEMMA 4.2. Let A;A%B 2 S(H)andV  qVar. If A~y A, then AB =~y A'B.

However, < is not preserved by composition from the left-hand side. A counter-
example is when A is the X-Pauli super-operator, and B has one single Kraus operator
jOih0j. Then A = Iy, but BA & Bl since tr(BA(j0ih0j)) = 0 while tr(B14(jOih0j)) = 1.
Nevertheless, we have the following property which is useful for later discussion.

LEMMA 4.3. Let A;A' 2 S(H) and B 2 S(Hy) where ; & V. ¢Var. If A =y A,
then both AB =~y A'B and BA ~y BA".

PROOF. Easy from the fact that try;BA( ) = B(tryA( )) when B2 S(Hy). O

Let S¢(H) S(H) be the set of trace-preserving super-operators, ranged over by
E;F; . Obviously, (S¢(H); In; ) is a sub-monoid of S(H) while (S¢(H);0n; +) is not.
It is easy to check that for any E;F 2 S¢(H) and V qVar, E . v F if and only if
E ~v F. So for trace-preserving super-operators, we usually use the more symmetric
form ~y instead of . .

4.2. Super-operator valued distributions

Let S be a countable set. A super-operator valued distribytion, or simply distribution
for short, over S is a function from S to S(H) such that 5 (s) = I4. We denote
by d e the support set of , i:e:, the set of s such that (s) & Oy. Let Distq(S) be the
set of finite-support super-operator valued distributions over S; that is,

X
Disty(S) = f :S ¥ S(H)jd eis finite, and (s) = Ixg:
s2dAe

Let ; ; range overg®ist(S). Sometimes it is convenient to denote a distribution

by the explicit form ;,, A;j sj whered e =Ts;ji2lgand (s;) = A for each
i 2 1. When is asimple distribution such thatd e = fsg for some sand (s) =E, we
abuse the notation slightly to denote by E s. We further abbreviate Iy s tos. Note
that there are infinitely many different simple distributions having the same support
fsg.

P
Definition 4.4. Given f ;112 1g Distg{S) and fA; :i21g S(H), i, Ai~
I, we define the combination, denoted by 5, Aj i, to be a new distribution
such that

S
(1) d e= fd je:i21;AiS Ong,
(2) foranys2d e, ()= ;5 i(9A.

Here and in the following of this paper, the index sets I;J; K; are all assumed to
be finite. By Lemma 4.2, it is easy to check that the above definition is well-defined.
Furthermore, sjpce ~ is not preserved by left applications of composition, we cannot
require (S) = ;5; Ai i(S) in the second clause, although it seems more natural. As
aresult, we haveE (F s)=FE sandingeneral FE sS&EF s.

Probability distributions can be regarded as special super-operator valued distribu-
tions by requiring that all super-operators appeared in the definitions above have the
form ply where 0 p 1. Since in this case all super-operators commute, we always
omit the bullet in the expressions.

ACM Transactions on Computational Logic, Vol. 0, No. 0, Article 0, Publication date: 0.
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Fig. 3. Symbolic operational semantics of gqCCS

5. SYMBOLIC BISIMULATION
5.1. Super-operator weighted transition systems

With the help of super-operator valued distributions defined in the previous section,
we now extend the ordinary probabilistic labelled transition systems to super-operator
weighted ones.

Definition 5.1. A super-operator weighted labelled transition system, or quantum
labelled transition system (qLTS), is a triple (S; Act; 1), where

(1) S is a countable set of states,
(2) Actis a countable set of transition actions,
(3) Y isasubsetof S Act Disty(S).

For simplicity, we writes ¥ instead of (s; ; ) 2 Y. A pLTS may be viewed as
a degenerate qLTS in which all super-operator valued distributions are probabilistic
ones.

5.2. Symbolic transitional semantics of qCCS
To present the symbolic operational semantics of quantum processes, we need some
more notations. Let
Acts = T g [ fc?x;clejc 2 cChan; X 2 cVar;e 2 Ezpg
[fc?r;clr jc 2 qChan;r 2 qVarg
and BActs = BEzp Acts. For each 2 Actg, the notions gbv( ), cn( ), and fv( ) are

similarly defined as for Act.. We also define bv( ), the set of bound classical variables
in in an obvious way.

A pair of the form (t;E), where t 2 T and E 2 S¢(H), is called a snapshot. The
set of snapshots is denoted by SN and sometimes ranged over by t;u; . Then the
symbolic semantics of qCCS is given by the qLT'S (SN; BActs; ¥) on snapshots, where

ACM Transactions on Computational Logic, Vol. 0, No. 0, Article 0, Publication date: 0.
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1 SN BActs Disty(SN) is the smallest relation satisfying the rules defined

in Fig. 3. In Rule Meass, for each i 2 I, A’ 2 S(H) and Set,' 2 S¢(H) are defined
respectively as

Aei . | g.(leh ij j iieh ij (2)
Sete‘ . | Joiteh jjJ jieh i (3)
j21
The symmetric forms for rules Pars, C-Comg, Q-Comsg, and Sumg are omitted. Here
again, the functions K, [f], and nL have been gstended to super-operatqevalued distri-

butions by denoting, say, kuthe distribution ;5,, A (tiku;Ei),if = 5, Ai (ti;Ei).
The transition graph of a snapshot is depicted as usual where each transition

(t; E) Oy A (ti;E;) is depicted as

(t1,Eq) (t2, E2) (tn, En)

For simplicity, lines marked with 14 are sometimes omitted.

Example 5.2. (Example 3.3 revisited) In this example, we revisit the two ways of
setting a quantum system to pure state jOi, presented in Example 3.3. According to
the symbolic operational semantics presented in Fig. 3, the qLTSs rooted by (P; 1)
and (Q; Iy) respectively can be depicted as in Fig. 4, where A; has the single Kraus
operator jiighij for i = 0; 1.

At the first glance, it is tempting to think that symbolic semantics provides no ad-
vantage in describing quantum processes, as the qLTSs in Fig. 4 are almost the same
as the pLTSs in Fig. 2 (indeed, the right-hand side qLTS in the former is even more
complicated than the corresponding pLTS in the latter). However, pLTSs in Fig. 2 are
depicted for a fixed quantum state ; to characterise the behaviours of a quantum
process, infinitely many such pLTSs must be given, although typically they share the
same structure. On the other hand, the qLTSs in Fig. 4 specify all possible behaviours
of the processes, by means of the super-operators they can perform.

Example 5.3, This example shows the correctness of the super-dense coding proto-
col. Let M = ?:0 ijTihij be a 2-qubit measurement where T is the binary expansion
of i. Let CN be the controlled-not operation and H the Hadamard operation. Then the
quantum processes that participate in the super-dense coding protocol can be defined

as follows:

. def > - i
Alice = ca?0:: if x =i then '[gi]:€lq;:nil ;
01 3
Bob % € ?02:€?q1:CN[qy1; q2]:H[911:M[a1; g2; X]:d!X:mil,;

EPR & Set?[g;;g2]:ca!02:0al0: mil;

sdc €' ¢2x:(EP RkAlicekBob)nfca; cs; eg:

ACM Transactions on Computational Logic, Vol. 0, No. 0, Article 0, Publication date: 0.
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(1 [g].nil, Set])

(nil, Setg)

(nil, Sety) (nil, Setg)

Fig. 4. qLTSs for two ways of setting a quantum system to jOi
The specification of super-dense coding protocol can be defined as:

SdCepec = ¢2x: T:Set¥[qy; gx]:d!x:nil

where

X .
Set*[q1;0o]:d!xmil =  (if x = i then Set'[q;; g2]:d!x:nil);
i=0
and Set' and Set? are the 2-qubit super-operators which set the target qubits to j#i and

j i=(j00i+j1li)=" 2, respectively. We insert seven ’sin the specification to match the
internal actions of Sdc. The qLTSs rooted from (Sdcspec; 1) and (Sdc; 1)) respectively
are depicted in Fig. 5 where @ = fq;; 029, A; is the super-operator with the single Kraus

operator j#iffj, L = fca;Cg; €g,
' '

X )
Sdc* = (if x =i then '[q;]:elq;:nil) kBob nL:
i=0

For simplicity, we only draw the transitions along the x = 0 branch.

To conclude this subsection, we prove some useful properties of symbolic transitions.

LEMMA 5.4. If(tE) by , then there exist super-operators fBj :i2 1g S(H) and
fFi:i121g S¢(H), and process terms ftj ;1219 T such that

F)
(1) i2||§i ~ In,
2 = i21 Bi (]tln F.ED, P
(3) for any G 2 Sg(H), (t;G) ¥ © ., Bi (t;; FiG):
Especially, if jlj > 1 then B; and F; take the forms as A,' and Set,' in Egs.(2) and (3),
respectively.

PRrROOF. Easy from the definition of inference rules. O

The following lemmas show the relationship between transitions in ordinary seman-
tics and in symbolic semantics. Let be an evaluation, 2 Act;,and 2 Acts. We write

= ifeither =clv, =cle,and (e) =v,or = ifneither of them is a classical
output.
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Fig. 5. qLTSs for LSdcspec ; | H Mand LSdc;I 4 M

LEMMA 5.5. Supposeht; i 7! . Then therepexist b; 1, OfA; :i21g S (H),
fEi:i21g Sy(H),and ft;:i21g T ,suchthat ;,, Ajhly,and

1) (bp tt, _
@ = AL SE()I,

(3) forany E 2 S(H), LLEM™ ., A; Lt;EEMwhere
(@) if = cnthen = c? forsomex 6Xv(t),and %= fv=xg,
(b) otherwise, = and °=

PROOF. We prove by induction on the depth of the inference by which the action
h;, 17! is inferred. We argue by cases on the form of t.

(1) t = cx:t% Thent = c?x:u where u is the process term obtained from t°by instanti-
ating all the free variables in  fv (t% f xgaccordingto .By Rule C-Inp. we deduce
that = c?vfor some v 2 Realand = hP; i where P = ufv=xg = t° fv=xg. By

it c2x

Rule Actg, for any E 2 S(H), we have Lt; EM!
b= tt ,j|j:1,ti = '[O,Ai =E=14.
(2) t=cet’ Thent = c! (e):(t° ), and by Rule C-Out. we deducethat = c! (e) and

= h%; i.ByRule Acts, forany E 2 S;(H), we have Lt; EI\/Itli ot t% EM So we need
onlytotake b=tt ,jlj=1,t; =t A; = E = I as well.

(3) t=c?2q9:t%. Thent = c?2q:(t° ), and by Rule Q-Inp. we deduce that = c?r for some

r 62gv(t) and = NWt° )fr=qg; i. By Rule Acts and -conversion, for any E 2 S;(H),

Lt% EM So we need only to take
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