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Abstract

We investigate the formal semantics of a simple imperative language that has both classical and
guantum constructs. More specifically, we provide an operational semantics, a denotational seman-
tics and two Hoare-style proof systems: an abstract one and a concrete one. The two proof systems
are satisfaction-based, as inspired by the program logics of Barthe et al for probabilistic programs.
The abstract proof system turns out to be sound and relatively complete, while the concrete one is
sound only.
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1. Introduction

Programming is the core of software development, but it is also an inherently error-prone activity.
The likelihood of errors will even be significantly higher when programming with a quantum com-
puter, as the techniques used for classical programming are, unfortunately, hard to apply to quantum
computers because quantum systems are essentially different from classical ones. Thus, there is a
pressing need to provide verification and analysis techniques for reasoning about the correctness
of quantum programs. Furthermore, these techniques would also be very useful for compiling and
optimising quantum programs.

Among other techniques, Hoare logic [11] provides a syntax-oriented proof system to reason
about program correctness. After decades of development, Hoare logic has been successfully ap-
plied in analysis of programs with non-determinism, recursion, parallel execution, etc [2, 1]. It was
also extended to programming languages with probabilistic features. Remarkably, as the program
states for probabilistic languages are (sub)distributions over evaluations of program variables, the
extension naturally follows two different approaches, depending on how assertions of probabilistic
states are defined. The first one takes subsets of distributions as (qualitative) assertions, similar to the
non-probabilistic case, and the satisfaction relation between distributions and assertions is then just
the ordinary membership [20, 7, 5, 3]. In contrast, the other approach takes non-negative functions
on evaluations as (quantitative) assertions. Consequently, one is concerned with the expectation of
a distribution satisfying an assertion [17, 16, 19, 13, 14].
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In the past two decades, several Hoare-type logic systems for quantum programs (QHL) have
been proposed, also following the two approaches as in the probabilistic setting.

Expectation-based QHLs. In the logic systems proposed in [25, 26, 27, 15] for purely quan-
tum programs, the assertions P and Q in a Hoare triple {P}S{Q} are both positive operators with
the eigenvalues lying in [0, 1], and such a triple is valid in the sense of total correctness if for any
initial quantum state p, tr(Pp) < tr(Qp’) where o’ is the final state obtained by executing S on p, and
tr(Pp) denotes the expectation/degree of p satisfying P (or physically, the average outcome when
measuring p according to the projective measurement determined by P). This definition captures the
idea that the precondition P (on the initial state) provides a lower bound on the degree of satisfaction
of the postcondition Q (on the final state). More recently, this type of expectation-based QHL has
been extended to quantum programs with classical variables [9] as well as distributed quantum pro-
grams with classical communication [8]. These logic systems have proven to be useful in describing
and verifying correctness of a wide range of quantum algorithms such as Shor’s algorithm [21],
Grover’s algorithm [10], etc. Moreover, they are theoretically elegant: all of these systems are
(relatively) complete in the sense that every semantically valid Hoare triple can be deduced from
the corresponding proof system. However, as logic operations such as conjunction and disjunction
are difficult, if at all possible, to define for positive operators, complicated properties can only be
analysed separately, making the verification process cumbersome. This has been pointed out in [3]
for expectation-based probabilistic Hoare logics. The same is obviously true for expectation-based
QHLs as well.

Satisfaction-based QHLs. An Ensemble Exogenous Quantum Propositional Logic (EEQPL)
was proposed in [6] for a simple quantum language with bounded iteration. The assertions in EEQPL
can access amplitudes of quantum states, which makes it very strong in expressiveness but also
hinders its use in applications such as debugging, as amplitudes are not physically accessible through
measurements. The completeness of EEQPL is only proven in a special case where all real and
complex values involved range over a finite set. In contrast, the QHL proposed in [12] takes as the
assertion language an extended first-order logic with the primitives of applying a matrix on a set
of qubits and computing the probability that a classical predicate is satisfied by the outcome of a
quantum measurement. The proof system is shown to be sound, but no completeness result was
established.

Another way of defining satisfaction-based QHLs proposed in [28, 22] regards subspaces of the
Hilbert space as assertions, and a quantum state p satisfies an assertion P iff the support (the image
space of linear operators) of p is included in P. The subspace assertion makes it easy to describe
and determine properties of quantum programs, but the expressive power of the assertions is limited:
they only assert if a given quantum state lies completely within a subspace. Consequently, quantum
algorithms which succeed with certain probability cannot be verified in their logic systems.

Contribution of the current paper. In this paper, motivated by [3], we propose two Hoare-style
proof systems: an abstract one and a concrete one. It is worth noting that the imperative language
we consider here involves both classical and quantum constructs. Our work distinguishes itself from
the works on QHLs mentioned above in the following aspects:

e Assertion language. The assertions used in our logic systems are boolean-typed, so that they
can be easily combined using logic operations such as disjunction and conjunction. On the
other hand, all information used in the assertions is physically accessible: it can be obtained
through quantum measurement applying on the program states. For example, consider the
protocol of superdense coding (see Section 6). In order to send a message of two bits stored
in two variables xgX;, Alice actually sends a qubit to Bob. From the received quantum infor-
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mation Bob can recover the message yoy:. The property we would expect is Xg = Yo A X1 = Y1.
Indeed, by letting SC be a quantum program to implement the protocol, we can prove that the
following judgement is derivable:

{true} SC {(Xo = Yo A X1 = Y1)}

where the precondition true is satisfied by any program state. Intuitively, the judgement says
that the message received by Bob is always the same as that sent by Alice, no matter what the
initial program state is. There is no need to mention the concrete values of Xy and x;. This is
a natural and concise way of specifying the correctness of the program SC.

o Satisfaction-based complete QHL. The existing satisfaction-based QHLSs proposed in the liter-
ature all lack completeness; the only exception is [28], but as mentioned above, the assertions
there are not expressive enough to verify probabilistic correctness. The abstract proof system
proposed in the current work is shown to be sound and relatively complete, while the concrete
proof system is sound only. By soundness, we mean that if the Hoare triple {P} ¢ {Q} is deriv-
able, then for any program state y that satisfies P, the program state [[c]], after the execution
of command c always satisfies Q. Completeness means the converse. We only have relative
completeness because our assertion language allows for first-order logic operators such as im-
plication. Note that in the presence of both classical and quantum variables, we represent each
program state u as a partial density operator valued distribution (POVD), and interpret a pro-
gram as a transformer of POVDs. We establish a consistence result between the denotational
semantics and the small-step operational semantics based on POVDs.

The rest of the paper is structured as follows. In Section 2 we recall some basic notations from
linear algebra and quantum mechanics. In Section 3 we define the syntax and operational semantics
of a simple classical-quantum imperative language. In Section 4 we present an abstract proof system
and show its soundness and relative completeness. In Section 5 we provide a concrete proof system.
In Section 6 we use the example of superdense coding to illustrate the concrete proof system. Finally,
we conclude in Section 7.

2. Preliminaries

We briefly recall some basic notations from linear algebra and quantum mechanics which are
needed in this paper. For more details, we refer to [18].
























L [clopitp) = [Clliopn) + €0 p);
2. [l +) = L€l + [T,

Proof: The two clauses can be proved by a simultaneous induction on the structure of command c.
O

Lemma 4.6. For any commands Co, ¢; and distribution state x, we have [Co; €1], = [C1]lfe,p, -

Proof:
[cilier, = 2olcilioreon @)
2ol Lol oy (@)
2o 2o [l Tcolor yory (@) by Lemma 4.5(1)
2o ZolCllofeolr yory @)
2o [C1llicol oy
Zo" [[CO; cl]](a",u(o"))
= ECO;CIHH

Theorem 4.7. (Soundness) Every judgement provable using the proof system S; is valid.

Proof: We analyze the cases one by one.

o Rule [Skip]. Suppose u = P for some distribution state u. Then we have [skip]l, = u and
thus [[skip]l. = P as required.

¢ Rule [Abort]. This case is easy by noting that [abort], = € and ¢ |= Ofalse for any p.
e The cases for rules [Assgn], [QInit], [QUnit], and [QMeas] follow from Lemma 4.4.

o Rule [Seq]. Suppose i = Py for some distribution state . By the premises, both {Po} co {P1}
and {P1} c; {P2} are valid. It follows that [co]l, F P1 and then [c1]fe,g, F P2, which is
[[co; c1]l, = P2 by Lemma 4.6 as required.

e Rule [Split]. Suppose u E Py @ Py for some distribution state u. Then there exist uo and
p1 such that u = po + pa, po | Po and py | Py. By the premises, both {Po} ¢ {Py} and
{P1} c1 {P}} are valid. Therefore, we have that [[c],, F P; and [[c],, = P;. By Lemma 4.5
we obtain [[c], = [cl,, + [cll.,. It follows that [[c]l, & P; @ P; as required.

e Rule [Cond]. We first claim that {Po A b} if b then ¢, else c; {P(} is valid. To see this,
suppose u is a POVD with u = Pg A Ob. Obviously, we have u = b and thus [[b]]- = true
for each o € [u]. It follows that

[[if b then cg else c1]l, Y. [if b then cg else ¢1]l(r (o)
Z(r [[CO]] (o (o))

[[CO]]/J-

By the first premise, {Po A CIb} o {Py} is valid. Therefore, we have [[co]l, = Pg, and thus
[lif b then ¢, else ¢c1]l, E Py

11



and the above claim is proved. Similarly, we can prove that {P1 ACI=b} if b then ¢, else ¢; {P7}
is valid. By the soundness of [Split], it follows that

{(Po A Ob) ® (P1 A O=b)} if b then ¢ else ¢, {Py & P}
is also valid.

Rule [Absurd]. There exists no u with u | false. Thus, we always have Yu. u E false =
[cl. E P.

Rule [Conseq]. Let u be a distribution state and u = Po. The first premise gives u |= P;. The
second premise tells us that [[c]l, E P,. By the third premise, we derive that [[c], & Ps. It
follows that {Pg} ¢ {P3} is valid.

Rule [All]. Let x4 be a POVD and u | P. It is clear that 4 = 1, A P. By the premise,
{1, A P} c {P"}is valid. Therefore, we have [[c], = P’, and thus {P} c {P’} is valid.

Rule [While]. We first observe that, for any state (o, p),

& if [oll¢p) = true
(o,p) if bl = false .
Thus, if a state o is in the support of [if b then abort] ), it must be the case that ¢’ = —b.

Furthermore, for any distribution state y, if a state o is in the support of [[if b then abort],
then o~ | =b. It follows that, for any command ¢’ and distribution state y, we have

[[if b then abort](,,) = {

[c’; if b then abort], = O-b.
By definition, [while b do c], is the limit of the sequence
([(if b then c)"; if b then abort]l,)nen

and so we have that
[while b do c], E O-b. 1)

By the first premise and the soundness of [Seq], it is easy to show by induction that
¥n. {Po} (if b then c)" {P,}
is valid. By the second premise and [Seg] again, the following judgement
vn. {Po} (if b then c)"; if b then abort {P}}
is valid. Let u be any POVD with u = Pg. Then
vn. [(if b then c)"; if b then abort], E Py,
By assumption, the sequence of assertions (P;)nen= is u-closed. Hence, we can infer that
[while b do c]l, E P,
which means that the judgement
{Po} while b do c {P_} )

is valid. Combining (1) and (2), we finally obtain that {Py} while b do ¢ {P/, A (J=b} is valid.
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Now we turn to the relative completeness of the proof system S,. Formulas of the form 1, will
be helpful for that purpose.

Lemma 4.8. For any distribution state x and command c,

1# = 1|[c]],,[|[C]]]-

Proof: Let u’ be any distribution state.
WEL W=

[[C]]y’ = [[C]]/J

[cly & L,

' E L, el

sl

O

Definition 4.9. Let i be a distribution state and b a boolean expression. The restriction y, of uto b
is the distribution state such that yp (o) = u(o) if [b]l, = true and 0 otherwise.

According to the definition above, it is easy to see that we can split any u into two parts w.r.t. a
boolean expression.

Lemma 4.10. For any distribution state x and boolean expression b, we have u = gy + f-p.

Proof: This is straightforward because, at each state o in the support of w, the boolean expression
b evaluates to either true or false. O

With Lemmas 4.10 and 4.5, it is easy to see that the denotational semantics of conditional com-
mands can be rewritten as follows.

[lif b then co else c1]l, = Mcolly, + M[C1lluss ©)

The following facts are also easy to show.

lmb =4 l/Jlb Ab
1, © L,AP ifuEP @
L, © Lip®lyw
1/41+112 < 1#1 @ 1/42

Lemma 4.11. For any POVD g, the following judgement is provable:
{1} € {1pep, }-
Proof: We proceed by induction on the structure of c.
o c = skip. This case is immediate as [skip]l, = u and by [Skip] we have + {1,} ¢ {1,}.
e C = abort. Then [[c], = &. For any POVD p’, we note that
W EOfalse & p=¢ o ' E L.

By rules [Abort] and [Conseq] we can infer + {1,} ¢ {1,}.
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e C=X:=a, q:=0), U[q] or x := M[q]. By the corresponding rules [Assgn], [QInit], [QUnit]
or [QMeas], we have
F {1pep, [LcID} € {1pc, )

By Lemma 4.8 and rule [Conseq], we obtain that + {1,} ¢ {1, }.

e C = Co; C1. By induction, we have + {1,} Co {1[c,g,} and + {1fc,q,} C1 {1 ealpen, - Using the rule
[Seq], we obtain that +- {1,,} ¢ {Lfe:Dga, >

e c = if b then ¢ else c;. By induction, we have r {1,,} co {1|[°°]]#\b }. By the first clause in (4)
and rule [Conseq], we have + {1, A b} co {1[[‘30]1“‘1; }. Similarly, + {1, , A O=b} ¢q {1[[0111%\; 1.
Using rule [Cond], we infer

F{(1,, AOb) ® (1, A O=b)} if b then ¢ else ¢, {lIICO]];qb [ 1|[C1]]M}.
Using (3), (4) and rule [Conseq], we finally obtain that

F {1;1} if b then Co else C1 {1|[if b then ¢ else ci]lp}-

e c=whilebdoc’. Foreachn e N, let

Pn = 1[ifb then )],
Py 1[(if b then c)n;if b then abort],
P Llimy_. [(if b then ¢/)n;if b then abort],

Obviously, the sequence of assertions (P;)nen~ iS U-closed. As in the last case, we can show
that - {Pn} if b then ¢’ {Pn.1} by induction hypothesis and rules [Conseq], [Skip] and [Cond].
It is also easy to see that + {P,} if b then abort {P;} for each n € N. Therefore, we can
use rule [While] to infer that + {Pg} while b do ¢ {P/, A O0=b}. Using (1), the second clause
of (4), and rule [Conseq], we obtain that + {Po} while b do ¢ {P/ }, which is exactly +
{1,} while b do ¢’ {1while b do ¢, }-

O

With the preparations above, we are in the position to show that the proof system S, is relatively
complete.

Theorem 4.12. (Relative completeness) Every valid judgement is derivable in Sa.

Proof: Let {P} c {P’} be a valid judgement. Suppose u be any POVD. There are two possibilities:

e u = P. The validity of the judgement says that [[c], E P’. By Lemma 4.11, we have
that + {1,} ¢ {1f,}. By the second clause of (4) and rule [Conseq], we can obtain that
F {1, A P} ¢ {1, A P’}. Using [Conseq] again gives + {1, A P} ¢ {P’}.

e £ P. Then it is obvious that 1, A P & false. By rules [Absurd] and [Conseq], we also
obtain + {1, A P} c {P"}.

Since w is arbitrarily chosen, the premise of rule [All] is derivable. Therefore, we can use that rule to
obtain + {P} c {P’}. O
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5. A Concrete Program Logic

In this section, we present a concrete program logic. We first define the concrete syntax of as-
sertions. Following [3], we define a two-level assertion language in Figure 5. Formally, assertions
are divided into two categories: state assertions are formulas that describe the properties of ma-
chine states and distribution assertions are used to describe the properties of POVDs. Distribution
assertions are based on comparison of distribution expressions and the connective & mentioned in
Section 4. It is easy to extend the syntax to allow more connectives such as first-order quantifiers and
connectives. Since the current work does not deal with the implementation of the concrete program
logic in a proof assistant, we do not give a very detailed definition of the syntax of assertions. A dis-
tribution expression is either the expectation [E[e] of a state expression e, the expectation Ezmq[€]
of state expression e w.r.t. the measurement M. Again, it is possible to add other constructors for
distribution expressions such as an operator applied to distribution expressions. A state expression
is either a classical variable, the characteristic function 1, of a state assertion y, or an operator ap-
plied to state expressions. Note that we consider O-ary operations for state expressions as constants.
Finally, a state assertion is either a comparison of state expressions, or a first-order formula over
state assertions. In particular, the boolean expressions in Bexp are included as state assertions. Note
that the set of operators is left unspecified but we assume that some basic operators such as addition,
subtraction, scalar multiplication for both arithmetic expressions and matrix representation of partial
density operators are included. With a slight abuse of notation, when < is used to compare matrices,
we essentially mean C. Similarly for < and =.

For convenience of presentation, in this section we consider a general form of quantum mea-
surement.

Definition 5.1. A general measurement M is a pair {{M;}ic, ), where each M; is a measurement
operator as usual, and I : |1 — J is a labelling function that maps each measurement outcome i to
some some label I(i).

If the state of a quantum system is specified by density operator o immediately before the mea-
surement M, then the probability with which those results with label j occur is given by

p() = ). (M Mip),
i:l(i)=j

and the state of the system after the measurement is

2id(i)=j MiPMiT
p(j)
General measurements are convenient to describe the situation where we would like to group some
measurement outcomes. For example, if iy, i, € | are two different outcomes, but for some reasons
we would not like to distinguish them, then we simply give them the same label by letting I(l;) =
I(I). In the special case that I is the identity function Id, then the labelling function has no effect and
we degenerate to the usual notion of measurements.
The interpretation of assertions is given in Figure 6. Comparing the interpretation with that
in [3], we see that the main difference is the introduction of a distribution expression related to a
quantum measurement. The meaning of Ez.mg[€] is the expected Hermitian operator weighted by
the value of e after a measurement entailed by M.
Note that the formula Oy, where y is a state assertion, can now be considered as a syntactic
sugar in view of the following lemma.
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e = x|1,]o0() (State expressions)
Y = ep<ie| FO®y) (State assertions)
r == E[e]|Ezmglell---  (Distribution expressions)
P = rxr|PeP|--- (Distribution assertions)
<1 € {= < <} 0 € Ops (Operations)
Figure 5: Syntax of assertions
[xXl- = o(x
(L0 = 1p,
[o@©)1, := oflel.)
[e: ><exlle = [eillr D<llez]ls

[FOWI- = FO(lI¥l.)

[Elell, = Xou(0)- [l
[Exv@lell, = X 2Zi Mig(@)M; - [elongya
where M = ({Mi}ie;, 1)

[rio<re]l, = [rudl o<lrally,
[Pr®Poll, = Fuapo.p=p1+pz APy A [P2D

Figure 6: Semantics of assertions

Lemma 5.2. 1. Oy e E[1,] = E[Ltruel
2. Oy & Egxmglly] = Ex~mg[Ltruel
3. Oy o Oy Ab)e O A —b)

Proof: Let us consider the first clause; the second one is similar and the third one is easier.

pE Oy iff Yo e[ul[v], = true
iff Youlo)- I]:lw]]rr = 2o 1(0) - [Ltruells
iff  [E[1y]1x = [E[1truellls
iff uk (E[lw] = E[1true])

d

Using the concrete syntax for assertions, we propose a syntactic version of the existing proof
rules by avoiding the semantics of commands. We call the concrete proof system S¢. Specifically,
we keep all proof rules in Figure 4 but replace [Assgn], [QInit], [QUnit], and [QMeas] with the four
rules in Figure 7.

In rule [QInit’] we use the notation h(P) for a syntactic substitution. It changes all Ez.mg[e] in
P into Ez.m-[g[€] and distributes over most other syntactic constructors of assertions, where M’ is
obtained from M = ({M;};, I) by constructing two measurement operators Mg, M;; for each M; in M

16



, [Qinit’]
{P[a/x]} x := a {P} [Assgn’] {h(P)} q :=10) {P}

[QUnNIt'] [QMeas’]

{g“(P)} U[q] {P} {fAR(P)} x == M[q] (P}

Figure 7: Selected syntactic proof rules
with the mapping I’ given by I'(i0) = I’(i1) = I(i). A formal definition is given below.
h(E[e])

h(Ex-mq[e])

Ex-mpq[e] where M = ({Mg, M1}, Id) with Mg = [0)(0], My = [0)(1],
X is fresh

Ex-male] where M’ = ({Mio, Miz}i, I')

with Mg = M;|0){0], Miz = M;[0)(1], I"(i0) = I'(i1) = I(i)
h(ry D<iry)
h(P, ® P,)

h(r1) >ah(rz)
h(P1) ® h(P2)

To ensure the freshness requirement on x in h(EE[e]), we assume an enumeration of all the vari-
ables in Cvar. Each time a fresh variable is needed, we take the next one which has not appeared in
all the programs under consideration.

In rule [QUnit’] we use the notation g (P) for a syntactic substitution. It changes all Ez-wjg[€]
in P into Ex.m-gle], where M = ({Milic;, ), M" = ({M;jU}ie, I), and distributes over most other
syntactic constructors of assertions. A formal definition is given below.

gV(E[e]) := Ex-mg el where M = ({Mp}, Id) with Mg = U and x is fresh
0V Ex-m@le]) = Ezmgle]  where M" = ({MiU}ici, )
gU(ri><rz) == gY(r1) ><ig¥(r2)
g“(Pr@Py) = g'(P)eg’(P2)

In rule [QMeas’] we use the notation fx'f"q(P) for a syntactic substitution. It changes all E[e] in P
into Ey.mgi[e]. For the distribution expression Ey_njg[e]. it adds an outer layer of measurement to
N. A formal definition is given below.

foR(ElED) = Ecwmpale] _
M ole]) = 4 Doewiaugy[E] with M7= (IN;Mifij, k') and K'(ij) = (k(0). I(]))  ifx ¢y
xqUE5~N[g] =\ Ejomrgugy[e] with M7 = ({NjMi}ij, k') and K'(ij) = 1(j) ifxey

fan(ry ><r2)

fx'\,/(lj(rl) > fx,t%(rZ)
fx'\,/(li(Pl @ PZ)

fog(P1) @ f5(P2)

Let us consider a simple example to illustrate the use of rule [QMeas’]; other rules in Figure 7
are similar.

Example 5.3. Suppose y is a state assertion and M is a measurement. We claim that the following
Hoare triple is derivable in the concrete proof system.

{Ey-miai[1e] = Ey-miq[Ltreel} ¥ := M[d] {Ey} )
We first observe that a direct application of rule [QMeas’] gives
{fy%(E[lw] = IE[:l-true])} y = M[q] {E[lw] = IE[]-true]} . (6)
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The definition of function f)%(-) tells us that

fy'fﬁ(E[lw] = ]E[ltrue])
fylff](E[lJ/]) = fylfg(]E[ltrue]) )
Ey-miq1[1s] = Ey-mpa[Ltrue]

Recall that the first item of Lemma 5.2 says
Uy < E[ly] = E[ltruel] - ®)
We can now apply rule [Conseq], together with (7), (6) and (8) to obtain (5). O

We are going to show that the three functions h(-), g¥(-) and fx’\,/tli(') behave well as they
help to transform postconditions into preconditions for three kinds of commands: initialisation,
applications of unitary operations, and measurements of quantum systems.

Lemma 5.4. The following two clauses hold.

() [h(NIx = [rle=0)1,-
(i) [h(P)1, = [Plrg=o1,.-

Proof: We prove the two statements by structural induction.

(i) There are two cases for the structure of r.

o r = E[e]. We note that [[e]- = [ello/x for any number n and fresh variable x in the
sense that x does not appear in e. Then we reason as follows.

[h(n1,

[Ex-melll,. where M = ({Mo, My}, Id) with Mg = [0)<0], M1 = |0)(1],
X is fresh

= Y-(10X0[u(c)I0){0l - [elloo/xg + 10){L|e(o)I1){O - [€llerqa/xy)

2(10)0lu(c)10)0l - [e]l- + 10){1|u(a)11){0I - [e]l) x is fresh

2 (10)€0Ju(a)10)¢0] + [0)L|u(c)11)¢0]) - [l

Z(r[[q = |O>]],u(0—) . I[e]]a'

":E[e]]lllq::IO)]L

= [rlg=01.

o 1 = Ez mg[e] for some M = ({M;};, I). Then

[h(n 1. [Es-m@lell, where M’ = ({Mjo, Mi1}i, ")
with Mijp = M;|0){0], Mjy = M;|0)(1|, I"(i0) = I'(i1) = I(i)
= Yo Zi(Mil0)0l(a)I0)O0IM + Mil0)(Ll(a)[1)(OIM,) - [ellopiciyssa
= 2o Zi(Mi(10)0lu(c)I0)(0] + 10)(L|(@)1XONM, - [ellopicys
= Y, 2i Millq := [0)].()M," - Telongya
= [Ex-ma[elg=01,
= [rlg=0,

(ii) There are two cases for the structure of P.
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e P =r; >ry. In this case, we need to use statement (i).

[h(P)1. [h(r1) ><ah(r2)1,

[h(ru)T,. ><h(r2)1,

= [rlg=03, ><Ir2lg=o0y,)
[r1 <2l =03y,
[PTgq:=0y1,

e P =P, ®P,. This case is proved by induction.

[h(P). = [h(P)®h(P)l,

= g, po. p = pa + po A [h(P1)T, A Th(P2)T,,
Jur, po. [9 1= 10)], = [a := 10)]],,, + [9 = 10)]],.,
AlP:llg:=o1,, A [P2Dlgg:=0y3,, by Lemma 4.5
[P1 & P2]lfg:=i01,
[Plig:=o1,

U1

Lemma 5.5. The following two clauses hold.

(i) [9° (N1, = [rlguran,-
(i) [9°(P)1. = [PTura,

Proof: The proof is similar to that of Lemma 5.4 except for the treatment of two cases for
statement (i).

o 1 = E[e]. We infer that
[g° 1.

[Ex-miq[elll,. where M = ({Mg}, Id) with My = U and x is fresh
Zo’ U,Ll(O')UI : I[e]](r[O/X]

o Un(@)U - [e].,

2o MUIall.(0) - [els

[Ele]lpura.

= [T,

o 1 = Eg mglel- Suppose M = {{Mi}i, I). We reason as follows.

[g° "1,

[Es-m@lell, where M = ({MjU}ic, I)
= Yo i MiUu(@)U™M, - [ellonym

= Y, Zi MILU[aD. ()M, - [elonam
[Ex-ma el puan,

= [rlguan,

O

Lemma 5.6. Let a be an arithmetic expression, o be any state and o := o[[a]l-/X]. The following
four clauses hold, where x is not a bound variable in e, ¢, r and P.

(i) [ela/x]T- = [ello
19



(”) |[lﬁ[a/X]]]0- = [[lﬁ]](r'
(iii) [rfa/x]0, = [rlgx=ap,-
(iv) [Pla/XIll. = [PTix=ap,-

Proof: The proof is similar to that of Lemma 5.4. As an example, we only consider one case for
statement (iii).
Suppose r = Ej ug[e] with M = ({M;};, ). There are two possibilities.

e x €Y. In this case, x is a bound variable in r, which contradicts our assumption.

e x ¢ V. Notice that
[x:=al.(c) = Z{M(O') | o[[alls/X] = o’} ©)

a

holds for any 4 and ¢o’. We reason as follows.

[r[a/x11, [E5-ma [ela/X]1T,
Yo Zi Mip(e)M{ Te[a/xTop6)51
Yo Zi Mig(0)M] [ellopysitatmnqa Y statement (i)
= % Mi 2o ()M Tellogan, s
= NiMi Xy Yol | ollalle/x] = oM Telonam
= YiMi X, [x:=all.(c)M/Telonpm by (9)
= Yo Xi Millx := all, ()M, Telo iy
= [Ej-mqellix=ag,
= [[r]]|[x::a]]ﬂ

Lemma5.7. (i) [f4(N], = [rlgx=mn,-
(i) [fG(P)I = [PIpc-man,

Proof: We consider two cases for statement (i); the other cases are easier. Assume that M =
{Mi}i, k).

e r = E[e]. We reason as follows.

(I fx’\,/(l_](r)]]ll [Ex-ma (€]l
Yo 2i Mi(@)M! - [elopy
= Yo Zo SitMip(@M] 1 oI()/X] = o'} - [e]l ,
= Yo Yoo(c’)-[ele  where us(c’) = ZilMiu(a)M]" | o[I(i)/x] = o’}
[Elells, x,
[E[elpx=mra,
= |[r]][[x::|v|[q]]]#

The second last equality holds because [x := M[Q]]l(o- (o)) = Ho-
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pc(skip,P) = P
pc(x:=a,P) := Pl[a/x]
pc(Co; €1, P) = pc(Co, pec(cy, P))
pc(if b then cg else c1,P) = (pc(co, P) A Ob) & (pc(cy, P) A [=b)
T if P = Ofalse

pc(abort,P) = undefined otherwise

pc(q:=10),P) = h(P)
pc(U[al.P) = g"(P)
pe(x := M[q],P) = f(P)

Figure 8: Precondition calculus

e 1 = Ey_yigle]l. There are two possibilities. Let us first assume that x ¢ yand N = ({Nj};, ).

IRMIG) P [Eyg-maugr (€]l with M7 = ({N;Mi}ij, k') and K'(ij) = (k(i), 1(j))
= T Zij NiMig(@)MINT - [elloteq iy
= B0 2 Ni(Si Min@MON] - Telopomnmm
= Zo Zo 2 Nj(ZitMig(@)M] | ofk()/x] = o' DN] - [eloniym
= Yo X ZiNigto(0IN] - Telloniiym
where () = YilMig(@)M | o'[k(i)/x] = o}
= Zo XN 2o to(@IN] - [eloniiym
[Ey-ngi[e1ls, 4
[Eynig1 (]l px=ma,
[rIpc=ma,

If x €y, the proof is similar by noting that o-[k(i)/x][1(j)/y] = o[1(J)/y].

The next theorem states that the concrete proof system is sound.

Theorem 5.8. Every judgement provable in S is valid.

Proof: We only need to prove that the four new rules [Assgn’], [QInit’], [QUnit’] and [QMeas’]
are sound, which follows from Lemmas 5.4 - 5.7; the soundness of all other rules are already
shown in Theorem 4.7. O

We can define a precondition calculus to help with syntactic reasoning. Given an assertion
P as a postcondition and a loop-free command ¢, we construct an assertion as a precondition
for ¢, written as pc(c, P). The computation rules for preconditions are given in Figure 8.

Theorem 5.9. Let ¢ be a non-looping command. The following rule is derivable.

————[P(]
{pc(c, P)} ¢ {P}

Proof: We proceed by induction on the structure of c.

e ¢ = skip. Then pc(c, P) = P and we have + {P} ¢ {P} by rule [Skip].
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¢ = abort. Then pc(c, P) is only defined for P = Ofalse. In this case, we can infer that
+ {T} abort {{Ifalse} by rule [Abort].

¢ = X :=a. Then pc(c, P) = P[a/x] and we have + {P[a/X]} ¢ {P} by rule [Assgn’].

C = Co; C1. Then pc(c, P) = pc(co, pe(cs, P)). By induction, we have + {pc(cs, P)} c; {P} and
+ {pc(co, pc(c1, P))} o {pc(cy, P)}. By using rule [Seq], we obtain + {pc(co, pc(ci, P))} ¢ {P}.

¢ = if b then ¢y else c;. Then pc(c,P) = (pc(co, P) A Ob) & (pc(cy, P) A O=b). By
induction, we have that + {pc(cg, P)} ¢o {P} and + {pc(ci,P)} ¢; {P}. It is obvious that
pc(co, P)AODb = pc(co, P). We can use rule [Conseq] to infer that + {pc(cy, P) ALIb} ¢o {P}.
Similarly, we have + {pc(ci, P) A O=b} ¢; {P}. By applying rule [Cond], we have that
+ {pc(c,P & P)} c {P® P}. Since P& P < P, we use rule [Conseq] again to infer the
required result that + {pc(c, P)} ¢ {P}.

¢ = g :=10). A direct consequence of rule [QInit’].
¢ = UJ[q]. By using rule [QUnit"].
¢ = M[q]. By using rule [QMeas’].

6. Example: superdense coding

In this section, we illustrate the use of the proof system S; via the example of superdense
coding.

Superdense coding was proposed by Bennett and Wiesner in 1992 [4]. It is a quantum com-
munication protocol allowing two classical bits to be encoded in one qubit during a transmission,
so it needs only one quantum channel. Such advantage is based on the use of a maximally en-
tangled state, EPR state. An EPR state can be transformed into all the four kinds of EPR states
through 1-qubit operations, and these EPR states are mutually orthogonal.

Protocol.. We suppose the sender and the receiver of the communication are Alice and Bob,
then the protocol goes as follows:

1.

3.
4.

5.

Alice and Bob prepare an EPR state % together. Then they share the qubits, Alice
holding go and Bob holding q;.

. Depending on the message Alice wants to send, she applies a gate to her qubit. If Alice

wants to send 00, she does nothing. If Alice wants to send 01, she applies the X gate. To
send 10, she applies the Z gate. To send 11, she applies both X and Z.

Then Alice sends the qubit gy to Bob.

Bob applies a CNOT operation on qo, q; and a Hadamard operation on go to remove the
entanglement.

Bob measures (g and q; to get the message.

After the execution of the protocol above, Bob gets the value that Alice wants to send. The
protocol exactly transmits two classical bits of information by sending one qubit from Alice to
Bob. A quantum circuit implementing the protocol is illustrated in Figure 9.
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Figure 9: Superdense coding
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Qo :=10);
gz :=10);
H[qo];
CNOT[qoq1];
if x, = 1 then X[qo];
if xo = 1 then Z[qo];
CNOT[qgoqs];
H[qo];
Yo 1= M[qo];
y1 == M[qi]

where M = ({Mg, M1}, Id), Mg = [|0)], M1 = [|1)]

[y
o

Figure 10: The quantum program of implementing superdense coding

The protocol can also be described by the quantum program SC given in Figure 10, where
for any pure state |¢), we write [|¢)] for its density operator |p){¢|.

According to the operational rules in Figure 2, we can derive the following sequence of
transitions, where the initial values of the four classical variables in the first configuration can be
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arbitrary and we use = to stand for unimportant commands or the values of variables.

(SC, XoX1Yoy1, [100)])
= ([0
= (e, [2RR])
= (e [XGHEER])
= (o [Z90 X PEEE)

(x, 00yoys, [FER])  if o =31 = 0
(+, Olyoya, [FE2R])  ifxo =0, =1
(*, 10yoy1, [%]) ifXo=1,x=0
(+, 11yoy1, [%]) ifxg=x =1

(*, 00yoy1, [%])
(¥, OLyoys, [EEP21)
(¥, 10yoya, [2222])
(*, 11yoy1, [%])

(*, 00yoy1, [100)])
(*,01yoy1, [101)])
(+, 10yoy1, [1103])
(*, 11yoy1, [I11)])

(x, 000y3, [100)])
(+, 010y3, [I01)])
(x, 101y, [110)])
(+, 111y5, [111)])

(nil, 0000, [|00Y])
(nil, 0101, [|01)])
(nil, 1010, [|10)])
(nil, 1111, [|11)])

We observe that in each case of the four last configurations, we always have the value of
XoX1 coincide with ypy1 as expected. Indeed, we would like to show that the judgement

{true} SC {O(xo = Yo A X1 = Y1)} (10)

is provable in our concrete proof system. This can be accomplished by a sequence of deriva-
tions; for every line of command in Figure 10 we need to prove a Hoare triple. We start from
line 10 and proceed backwards. The first step is essentially the same as (5) in Example 5.3.
The other five steps can be derived by using the rules [QMeas’], [QUnit’], [Cond] and [Split], as
shown in Figure 11.
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10:

{true}

o := [0);

1 :=[0);

H[dol;

CNOT [doda];

{Eyoys~Melaomi[Lyaxo=1x=1] = Eyoy, ~Me[aoai1[Ltrue])

®(EYOYI~M4[QOQ1] [ll///\Xo=1/\X1=0] = Eyoyi~Ma[g00] [Liruel)

69(EYO)’PMs[Qol‘h] [Lyrxo=0rx=1] = Eyoy; ~Ms[a00:] [Ltruel)

ea(}EVOYPMs[Qle] [1W\X0=0/\X1=0] = EVOYPMS[Cquﬂ [1true])},

where Mg = ({EgoHg, CNOT 50, Zgo Xgo» E01HgeCNOT g9, Zgo X
ElOHQoCNOTQOmZQOXQO’ EllHQOCNOTQOQ1ZQOXQO}’ Id),

Ms = ({EgoHg,CNOT g0, Xg05 E01Hg,CNOT 4, Xgos
E10Hg,CNOT g, Xgo» E11HgCNOT gyq, Xgo ), 1)

if x; = 1 then X[qo];

{(E)’OY1~M4[QOQ1][1W\Xo=1] = EYOV1~M4[QOQ1][1U’U9])

EB(Eyo)ﬁN'\/ls[%(h] [11///\Xo=0] = Eyoyleg[qoql][ltrue])}»
where Mg = ({EgoHg,CNOT g4q,Zg5» E01HgeCNOT g0, Ze»

ElOHqOCNOTqulqu, EllHqOCNOTqulzqo}, Id>
if xo = 1 then Z[qo];
{]Ey0y1~M3[QOQ1] [1lﬂ] = Eyoy1~M3[q0q1] [ltrue]}a

where M3 = ({EgoHg, CNOT gy, EoaHg CNOT g, E1oHg, CNOT ., E11HggCNOT gy, 1, 1d)

CNOT [doda];

{Eyoy1~Msla0a:] [1¢] = Eyoy;~Ma[ao01] [Ltruel}s

where M, = <{E00Hq0, EOlqus ElOqu’ Ellqu}’ |d>
H[do];

{EYOV1~M1[QOQ1] [110] = ]EYOV1~M1[QOCI1] [1true]}
where My = ({Eqo, Eo1, E10, E11}, 1d),

EOO = |00>QOQ1<00|’ E01 = |01>qu1<01|7 ElO = |10>QQQ1<10|’ Ell = |11>qu1<11|

Yo := M[Go];
{]EY1~M[Q1] [L/z] = I['3y1~M[ql] [1true]}
y1 = M[a1]

where M = ({Eq, E1}, 1d), Eg = [0)q, (0|, E1 = [1)q, (1|
{0y}, where = Xo = Yo A X1 = Y1

Figure 11: The quantum program with pre- and postconditions
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Continue the reasoning until line 1, we obtain the following precondition for SC.

{(Eyoy1~M1o[QOQ1] [ll///\Xo=1/\X1=l] = EYO)’1~M10[QOQ1][1UU6])
®(EYOV1~M9[QOQ1] [1¢AX0:1/\X1:0] = EYOV1~M9[QOQ1][1"U9]) (1)
®(Ey0y1~Ma[qoq1] [1¢/\X0:0/\X1:1] = Ey0y1~M8[qoq1][1true])
S(Eyoys~Ms [900:1[ Ly ax0=0rx1=0] = Eyoys~Ms 0011 [Ltrue])},
where Mig = ({E1100, E1101, E1110, E1111}, )

Mg = ({E1000, E1001, E1010, E1011}, )

Mg = ({Eo100, Eo101, Eo110, Eo111}, )

M7 = ({Eooo0, Eooo1, Eoo10, Eoo11}, )

with
f(xyx'y’) = xy
Exyxy = 1XY)goq, (XYl
for any x,y,x’,y" € {0,1}. Note that if we literally apply the rules in Figure 7, we will obtain 16
measurement operators for Myg. However, 12 of them are easily simplified to be the zero matrix,
thus only four non-zero measurement operators |11)(x’y’|, where x’,y’ € {0, 1}, are left. Similarly

for Mg, Mg and Mj.
Write P for the assertion in (f). We have seen that

{P} SC {Ly}. (11)

We observe that true © P. This can be seen as follows. Let

biu = X=1Ax=1

blO = X=1AX%X =0

b01 = Xo= 0A X1 = 1

bogp = X =0AXx =0

Py = (Eyoy1~M10[qoql] [1¢/\b11] = EYO)’1~M10[QOQ1][1"U9])
Po = (Eyoy1~M9[qoq1] [Lynby] = Eyoys~Ms[doa1] [Ltrue])
Por = (Eyoy1~Mg[qu1] [Lyrve] = Eyoy;~Mg[doau] [Lirue])
Poo = (Eyoy~Mofaoqu1[Lunbon] = Eyoys~Mofaoa,] [Ltrue])

We have P = P13 @ P19 @ P1g @ Pgo. For any POVD , it is easy to see that

M= by Hibgo + Hibgy + Hibo

We have that up,, = P11 because

[Eyoy, ~Msolaoq:1 [ty e,
= Z(r Zi M; ,u\bﬂ(o') MIT . 1|I‘/’/\b11]|rr[f(i)/yoy1]
where i € {1100, 1101, 1110, 1100}
= XoZiMi ,U\bM(O') MIT ’ 1|[¢’/\b11]|<r[11/yo)/1]
= Yo Xi Mi g, (@) M -1
2o 2i Mi Hibyy (0-) MII . 1|Itrue]l4r[11/y0y1]
= [[EYOV1~ Mio[do01] [:I-true]]]mb11

which implies [P11],,, = true. Similarly, we can check that up,, = Pio, etc. Therefore, we
obtain that i = P. As u is arbitrarily chosen, we have verified that true & P. By (11) and rule
[Conseq], we finally see that the triple {true} SC {{Jy/} is provable.

26



As we can see in (10), the postcondition of that Hoare triple is an assertion about classical
variables, even though quantum computation takes place during the execution of the program
SC. For such scenario, it is very natural to prove the correctness of programs via an satisfaction-
based proof system, rather than an expectation-based one.

7. Conclusion and future work

We have introduced a simple quantum imperative language that has both classical and
quantum constructs by extending the language IMP studied in depth by Winskel. We have
investigated its formal semantics by providing a small-step operational semantics, a denotational
semantics and two Hoare-style proof systems: an abstract one and a concrete one. In order to
define the semantics, we have used the notion of POVDs to represent the states of programs.
Therefore, a program can be considered as a transformer of POVDs. Following the work of
Barthe et al, we have designed two satisfaction-based proof systems, as opposed to the usual
expectation-based systems. The abstract proof system turns out to be sound and relatively
complete, while the concrete one is sound.

As to the future work, at least three immediate improvements are interesting and worth being
considered.

e The proof rule [While] is not satisfactory because it involves two sequences of assertions
(Pn) and (Py). In either the purely classical [11] or purely quantum setting [25], the rule
can be elegantly formulated. However, in the presence of both classical and quantum
variables, it remains a challenge to find a more concise formulation of the rule.

e The reasoning in Section 6 about the example of superdense coding was done manually.
In the future, we would like to embed our program logic in a proof assistant so as to
facilitate the reasoning.

e In the concrete proof system, we keep the syntax of assertions simple as long as it can
handle some interesting examples. In other words, this is a proof-of-concept system. It
is possible to add more constructors for assertions to obtain a more expressive but still
sound proof system. We believe that typical quantum algorithms whose correctness can
be handled by expectation-based QHLs, e.g., Shor’s algorithm and Grover’s algorithm,
can also be proved in our system. In some applications the correctness consists of several
sub-properties. It is more natural and convenient to specify and verify this property in
a conjunction form with a satisfaction-based QHL, while in an expectation-based QHL
one has to separately encode each sub-property as a Hermitian operator and verify it
independently. Having informally said that, if our system is to be implemented in a proof
assistant, then we will need to precisely define the syntax of our assertion language and
delimit the expressiveness of the system.
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Appendix A. Proof of Theorem 3.4

We proceed by induction on the structure of c. The most difficult case is when ¢ = while b do ¢’
for some command ¢’. Below we consider this case.

Let While" = (if b then ¢’)";if b then abort and (c, o, p) —" (nil,o”, p’) be the sequence of
maximal transitions from (c, o, p) such that the unfolding rule

17

(while bdo ¢’, ", p"”) — (if b then (c’; while b do c’) else skip,c"”,p"),

for any o’ and p”, has been applied at most n times.

Claim: [While"l) = Y (000 | (€, p) =™ <nil, i, pid)

I
We prove the above claim by induction on n.
e n = 0. On the left hand side, we have

e if [b]s = true

1.0 _m _
[While“](-,) = [[if b then abort],) = { (o.p) it [b], = false -

On the right hand side, we observe that

(whilebdoc’,0,p) — (if bthen (¢’;while b do ¢’) else skip, o, p)
i {(¢’;whilebdo c’),o,p) if [b]l, = true (A1)
(skip, o, p) if [b]l,- = false

The unfolding rule has been used in the first reduction step in (A.1). If [b]],- = false then
the claim clearly holds. If [[b]l, = true then the configuration {(c’; while b do ¢’), o, p)
cannot reduce to any (nil, ", p”") without using the unfolding rule again, which means
that there is no maximal transition from (c, o, p) that uses the unfolding rule at most once.
It follows that the claim also holds in this case.

e Suppose n = k + 1 and the claim holds for some k. On the left hand side, we have

[While* ], [if b then c¢’; While]
_ {[[Whilek]][[c,](m if [b]l = true (A.2)

(o,p) if [b]l- = false

On the right hand side, we have the same transitions as in (A.1). If [b], = false then the
claim clearly holds. If [b]l, = true then we infer as follows. Since ¢’ is a subterm of c, we
know from the hypothesis of the structural induction that

[ Twn = Y {(0.00) 1 €0 p) = (nil, . py)) (A3)
jed

for some set J. It follows that

[While“Tgey,,, = ) IWhile T, (A4)
jed

29



By induction hypothesis on k,

[While“ I, = D (0. 1) | {C. o7y, o3> =" (nil, o, i) (A5)

i€|j
for some index set |;. As a result, when [b]l, = true, we have

(€,op) — (if b then (¢’; c) else skip, o, p)

() Mo )

* o (c,oy.p)) by (A3) (A.6)
(nil,oi,pi) by (A.5)

—_—
—_
k1
for each j € Jand i € I;. This means that

(¢, o, p) = 2 (nil, o, pi) (A7)

for each j € J andi € Ij. Thus, we rewrite (A.5) as follows.

[While T = D A(oi i) | (C, 0 p) =¥+ (nil, o, i) (A8)

i6|j
Combining (A.2), (A.4) and (A.8), we obtain the desired result that

[While“ T,y = > > (i) | (6.0 p) =472 nil i, pid)

jEJ iElj

So far we have proved the claim. Then by taking the limit on both sides of the claim, we see that
[l = Zilloi, pi) | {C, o, p) =" (nil, o, pi)}. U
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