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Distribution-Based Behavioural Distance for
Nondeterministic Fuzzy Transition Systems

Hengyang Wu and Yuxin Deng

Abstract—Modal logics and behavioural equivalences play an of some events, then the two states should be intuitively
important role in the speci cation and veri cation of concur- jdenti ed. After performing the same actioa, both s and
rent systems. In this paper, we rst present a new notion of .o reach some state with maximal possibillg; after

bisimulation for nondeterministic fuzzy transition systems, which - S .
is distribution-based and coarser than state-based bisimation performing the actiom immediately followed byb, boths and

appeared in the literature. Then, we de ne a distribution-based t can reach some state with maximal possibilt$. Based
bisimilarity metric as the least xed point of a suitable monotonic  on this observation, we introduce a notion of distribution-
function on a complete lattice, which is a behavioural distace pased bisimulation that represents a linear-time sengantic
and is a more robust way of formalising behavioural similarity g pisimulation is close to the classical bisimulatio®][2
between states than bisimulations. We also propose an onehy . L .
algorithm for computing the bisimilarity metric. Moreover , we W_h'c_h IS based on trar_15|t|0ns between (bare) states. W_e view
present a fuzzy modal logic and provide a sound and complete distributions asgeneralizedstates and thus de ne transitions
characterization of the bisimilarity metric. Interestingly, this between distributions. Two bisimilar distributions arguéeed
characterization holds for a class of fuzzy modal logics. In to have the same height, which shows the same maximal
addition, we show the non-expansiveness of a typical parall possibility of reaching some states, and after some majchin

composition operator with respect to the bisimilarity metric, o TR .
which makes compositional veri cation possible. transitions, the two successor distributions still presethe

o o ) same height.
Index Terms—Fuzzy transition system, Bisimulation, Be-
havioural distance, Modal logic, Non-expansiveness. S t
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Odal logics and behavioural equivalences are very (&) B

important for the speci cation and veri cation of con- $1 S2 t1 t2
current systems. The former can be used for model checking, b b
particularly for specifying the properties to be veri edh& ? ?
latter can be used for state-aggregation algorithms thiat- co
press models by merging bisimilar states but guarantee that 9:8 ‘916

the required properties are preserved. S3 ts
Recently, bisimulations have been investigated in fuzzyg 1 5 andt are distribution-bisimilar but not state-bisimilar
systems. For example, Cao et al. [1], [2] considered bisimul
tions for deterministic (resp. nondeterministic) fuzzrisition Built on bisimulations, a notion of behavioural ultramet-
systems, abbreviated a@TSs (resp.NFTSs); Ciric et al. ric [2] has been proposed to measure the similarity of states
[3] investigated bisimulations for fuzzy automata; Qiu anth anNFTS. Itis a more robust way of formalising behavioural
Deng [4], and Xing et al. [5] studied (bi)simulations forsimilarity between fuzzy systems than bisimulations. The
fuzzy discrete event systems; Fan [6] de ned bisimulatiorsmaller the behavioural distance, the more similarly tlgest
for fuzzy Kripke structures. For more information aboutZyz behave. In particular, the behavioural distance between tw
(bi)simulations, we also refer to [7]-[14]. states isO if and only if they are exactly bisimilar. In this
The bisimulation proposed by Cao et al. [2] is state-bas@dper, we generalize behavioural ultrametrics and propose
and represents a branching-time semantics. For instérea i notion of triangular-conorm-based metric, calleemetric, to
distinguish states andt in Fig.1. However, if we are mainly measure the distance between possibility distributionarin
interested in the maximal possibilities of the occurrencé$FTS. Technically speaking, we de ne a distribution-based
. . . . _ bisimilarity metric as the least xed point of a suitable nwen
This work is partially supported by the National Natural &wie Foun- ic f . hich h imilari f the belmui
dation of China (61321064, 61370100, 61672229, 612611803shanghai 1ONIC function, which captures the similarity of the be
Municipal Natural Science Foundation (16ZR1409100), alRAL2IS02001 of possibility distributions. We also show that a paralleic
PACE. o _ position in the style of communicating sequential processe
H. Wu is with MoE Engineering Center for Software/Hardware-Qesign . . ith distributicséd
Technology and Application, East China Normal Universgiianghai 200062, (CSP) [15] 1S nop-expa}nswe with respect t?, Istri Ut'. )
P.R. China. Email: wuhengyl974@aliyun.com. bisimilarity metric, which makes compositional veri cati
Y.hDeCng (corresplt\)ﬁrglizr\? author) is IWJ“h_ Sfl‘_art‘)ghfa;'(ey Lagﬁt’f T“‘St'd possible. Our metric differs from the ultrametric of Cao et
worthy Computing, nternational Joint Lab of TrustwortSoftware an al. [2] in two aspects: (1) the former is de ned &1(S), while
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University, Shanghai 200062, P.R. China. Email: yxdeng@seu.edu.cn.  the latter is de ned or§; (2) the former is based on a class of
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triangular-conorms, while the later is only based eoonorm, nite set, sayfs;;s,;  ;sng, then a fuzzy set is written as
which is a special case of ours. This generalization allogys u = ¢-+ 2+  + {>; wherer; 2 (0;1] andr; = (si) with
according to the properties of different systems, to comput i n. With a slight abuse of notations, we sometimes

behavioural distances by choosing appropriate operators. write a possibility distribution to mean a fuzzy set

Modal logics and behavioural equivalences are closely re-For any ; 2 F (S), we say that is contained in (or
lated. Whenever a new equivalence is proposed, the quesitains ), denoted by ) (s) foralls2 S.
starts for the associated logic such that two systems (tgsjta Notice that = if both and . We use; to
are behaviourally equivalent if and only if they satisfy thelenote the empty fuzzy set with(s) = 0 for all s 2 S. For
same set of modal formulae. Along this line, a great amouany s 2 S, we write s for the point distribution, satisfying
of work has appeared that characterizes various kinds s§8% =1 if s°= s and0 otherwise.
classical (or probabilistic) bisimulations by appropeisdgics, For anyp;q 2 [0;1], we writep _ q and\m" g to mean
e.g. [16]-[24]. Although bisimulations have been inveastegl max(p; g and min(p;q), resR/ectiver, write ;,, pi for the
extensively in fuzzy systems, there is little work abouttba- supremumofp; ji 2 1g,and ;,, p; for the in mum, where
nection between bisimulations and the corresponding mow ji2lg i§/a family of elements irf0; 1]. In particular,
logics. Fan [6] characterized (fuzzy) bisimulations foeZy ; =0and ; =1.Foranyc?2 [0;1]and 2 F(S),
Kripke structures in terms of Godel modal logic; Wu and Dentlpe scalar multiplicationc  of c and is de ned by letting
[14] characterized bisimulations fd¥TSs by using a fuzzy (¢ )(s) = ¢ (s), foreachs2 S. Letf ;ji 2 S¢) be a
style Hennessy-Milner logic. In this paper, we present ayuzfamily of glements of (§), theunionof i, denoted i, is
modal logic, which is directly interpreted on distributeThis  givenby( ,, i)(S)= 5, () Thehg{phtof possibility
logic characterizes not only distribution-based bisinityabut ~ distribution , writtenht( ), is dened as _,¢5 (S).
also distribution-based bisimilarity metric fOfFTSs soundly ~ Throughout this paper, we assume an ordinary nite Set
and completely. We show that the distance between twod let it denote the set of states of a fuzzy transition syste
distributions is0 if and only if they have the same value on
each formula. Moreover, this characterization holds folaas
of fuzzy modal logics, by instantiating a triangular-nortn ( _ _ ] _
norm) as ukasiewicz t-norm, Godel t-norm, product t-ngrm L€t s introduce an algebraic structure, which will play a
or nilpotent minimum t-norm. key role in dg ning the bisimilarity metric and in its logita

The rest of this paper is structured as follows. We brie y recharacterization.

view some basic concepts on fuzzy sets in Section Il and-inte nition 1. [26] Let (C; ;0;1) be a bounded linearly

duce a fuzzy logic used in this paper. In Section lll, we de ngrdered set. A functiom : C! C is called aninvolution or
a new bisimulation fONFTSS, which is dlstrlbutlon'based.Strong negatiorfunction ifitis Order-reversing W|thn(1) =0

Section IV embarks upon the development of distributioryndn(n(x)) = x for all x 2 C.

based bisimilarity metric. We rst de ne triangular-corrar _ o _ _
based metric, called -metric. Then we give the notion of WhenC is taken as the unit intervd0; 1], the involutive
distribution-based bisimulation metric and discuss thexso N€gation is usually interpreted by thetandard negation
tonicity of a function on behavioural metrics. Thanks t&(X) =1 x for anyx 2 [0;1]

Tarski's xed point theorem, we can obtain the least xedbe nition 2. We consider the unit intervd; 1] as an algebra
point of the function and de ne it as the distribution-basedndowed with the operationsin and max, a xed left-
bisimilarity metric. Moreover, we present an on-the-y @lg continuoust-norm  and its residum) , as well as the

rithm to compute the bisimilarity metric. In Section V, wergli  standard negation. The ordering is as usual. This algebra
a fuzzy modal logic, which characterizes distribution€zhs \yj|| be denoted by

bisimilarity metric soundly and completely. In Section Me _ o _
de ne a parallel composition and show that it is non-expamsi  Notice that left-continuity is a necessary and suf cient
with respect to the distribution-based bisimilarity metand condition for a t-norm and its residuum) , dened as
preserves distribution-based bisimilarity. As an example X ) Y =supfz 2 [0;1]j x z g, to verify the so-
discuss the potential application of our results in Sectiph called residuation propertyc - y) ziff x 'y z. In this
and review some related work in Section VIII. Finally, we&@S€, we say ;) ) is anadjoint pair [26].

conclude in Section IX with some future work. For the basic properties of t-norms we refer to [27], [28].
There are four commonly used t-norms: ukasiewicz t-norm

(x y=max(x+y 1;0)), Godelt-normx y =min(x;y)),

productt-normxX y = x y), and nilpotent minimum t-norm

A. Fuzzy Set [29] (x y=min(x;y) if x+y > 1and0 otherwise). The rst
We rst briey recall some basic concepts on fuzzy setsthree are continuous, whereas the fourth is left-contisudhe

Let S be an ordinary set. Auzzy set of S is a function Ccorresponding algebras are denotedby, L, L”, andL™,
that assigns each elemesitof S with a value (s) in the respectively. For convenience, we sometimes use the sgmbol

unit interval [0; 1]. The supportof , written supp( ), is the _ _ o
Istrictly speaking a possibility distribution is differefiom a fuzzy set,

setfs 2 S ] ] (s) > 0Og. We _denOte byF (S) the set of though the former can be viewed as the generalized chasdittdunction of
all fuzzy sets inS. For convenience, whenever supp(s a the latter. See [25] for more detailed discussion.

B. Fuzzy Logic

Il. PRELIMINARIES
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) L,) 6,) p and) n to denote the implications in the The De Morgan triple( ; ;n) and the adjoint pair
algebrad -, L¢, LP, LN, respectively, which can be found ( ;) ) guarantee the main results of this paper to hold.
in [28], [29]. The following properties will be useful.

In general, an important aim of introducing an algebrai
structure is to establish the completeness of a formal yst
Examples include théBL -algebra for the basic logic intro-
duced by Hajek [28] and thMTL -algebra for the monoidal
t-norm based logic introduced by Esteva and Godo [26].(2) 1)
Nevertheless, our motivation is to establish an abstrattiecne G)x (x) ) Y
(see Section IV) and to characterize it (see Section V).Belo () X, ¥) (., 20 x, z
we discuss the reasons of chooslng by comparing it with ~ (®) (X1, y1)* (X2, y2)  (X1" X2) . (y1" y2),
some relevant algebras. @) xi, x2 (x1) y), (x2) )

. L (DX, \ye ) W) (y) x2),
The standard semantics BEL (resp.MTL ) uses the unit (8) x (Vi2| Vi) viz x V),

interval [0; 1] as the set of truth values. and a cor_ltinuous @O X (i V) = ip (X Vi)

(resp. left-continuous) t-norm as an interpretation of

the strong conjunctio&. The implication! is inter- Proof. The rst ve items can be found in [27], [28], [33].
preted by the residuum of . It is well known that Items (6) and (7) can be proven by adjoint condition. As an
([0;1]; min;max; ;) ;0;1) is an MTL -algebra [26], €xample, we choose to prove (6). Liet X1 , Xz. Then
and it is aBL-algebra provided that is continuous [28]. t X1) Xzandt Xz ) xa. Itfollows by adjoint condition
In BL and MTL -algebras, the negationx = x ) 0 thatt Xi Xz andt X  xi. Further, we have that
is in general not involutive. ThusBL and MTL as t X2 (X1) y) X1 (x1) y) yby(3). Again, by
well as some of their axiomatic extensions lack a strorffljoint condition, we have that (x1) y) Xxz) Y, and
disjunction dual to the strong conjunction. Attempts hav@ent  (x1) y)) (xz) Y). In a similar way, we can get
been made to generalize them. For examplelMifiL - t  (X2) y)) (Xx1) y).Sot (x1) y), (x2) Y).
algebra [26], wherd stands for involution, is obtained Thus, we obtair(x; , X2) (X1) y), (x2) V).

by adding:: x = x to an MTL -algebra. However, ltem (8) is trivial since is monotonic. Item (9) can be
in IMTL the involution depends on the t-norm. As #btained by using the duality betweenand and the left-
consequencdMTL admits only those left-continuous t-continuity of . a
norms which yield an involutive negation, but rules out

operators like Godel and product t-norms. In order to I I1l. DISTRIBUTION-BASED BISIMULATION

such a gap, aMTL ,-algebrd is obtained by adding In this section, we introduce the notion of distributiorsbd

an independent involutive negationand a operation . . : o "
. . isimulation for nondeterministic fuzzy transition syste
to MTL ; see [30] for more details. The extensions o? y

BL-algebra can be found in, for example, [31], [32]De nition 3. [34] A nondeterministic fuzzy transition system
Obviously, ourL is like the MTL n-algebra giving up (NFTS) is a tripleM = (S;A;! ), whereS is a set of states,
the operator . In L , we can obtain a t-conorm by A is a set of actions, and S A F (8) is the transition
lettingx y=1 [@@ x) (1 vy)], whichis dualto relation.

and( ; ;n)is called aDe Morgan triple
In this paper, the operator is used for de ning ; the
operator is used for producing the adjoint pdir ;) )
and the De Morgan triplé ; ;n). Itis not used to inter-
pret the strong conjunctio& asBL andMTL -algebras
do, since' & in general is not a formula in our fuzzy
modal logic; the induced operator is used for de ning De nition 4. Given anNFTS M =(S;A;! ), the transition
an abstract metric and for modeling the strong disjunctiaelation! isliftedto! 4 F (S) A F (S) by taking the
(see De nition 6). Note that it is not used to interpret thamallest relation satisfying:
strong disjunctive connectivé between formulae, since ifd® thend 24
" Y ingeneralis not a formulain our fuzzy modal logic.  jf 46 thend ? 4 ::
This point is very different from [30], [32]. The induced if 4 %4 s for eachs 2 supp( ), then
biimplication operator, helps us to model equivalence

andisgiven by, y=(x) y)*(y) x) (see ]3], 1%y (s) s:
[27]), which also deviates frorBL and MTL -algebras, s2supp ()
where Itis denedas, y=(x) y) (y) x).For We often abuse the notation ahdy is also denoted by .
more dlfference_s betweeh and the above aIgebras,We deneTa( )asthesef 2F(S)j !® g AnNFTS
please see Section V.

roposition 1. UnderL , for anyx;y;z;X1;X2;Y1;Y2;Y; in

the interval[0; 1], wherei 2 | . The following properties hold.
Dx) y=1lifandonlyifx vy;

X = X,

For each stats, more than one possibility distribution may
be reached by performing actiarbecause of nondeterminism.
We often writed & for (s;a; ) 2! .We writed 6 if there
exists no suchthad ® . Let us de ne a transition relation
between distributions in aNFTS.

(S; A;! ) is image- nite if for each distribution and each
actiona, the setT,( ) is nite. The NFTS is nitary if it is
2We usen instead of because this notion will be reserved for bisimilarity.image- nite and has nitely many states.
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Note thatif ! *  then some (not necessarily all) states iRroof. Let ?(; )=1 (ht( ), ht()) for any distribu-
the support of can perform actiora. For example, considertions ; 2 F (S). Then it is easy to see that satisesP1
the two states; ands, in Figure 1. Sincesy! ° 28 ands, andP2. Now, we verifyP3. Forany; ; 2F (S), we have
cannot perform actiot, the distributon = 28 + 98 can 2 )

make the transition! % to reach the distriblutior%%. z([ (ht( ), ht( )] [1 (ht( ), ht())]
=1 (ht( ), htC) (ht(), ht())

De nition 5 (Distribution-based bisimulation)A symmetric

relaionR F (S) F (S) is a distribution-based bisimulation 1 (ht( ), ht()) (by Proposition 1 (4))
on anNFTS (S;A;! )ifforall ; 2F (S), whenever R =20 )
then: as expected O
() ht( )= ht( ) and pected.
. . a .
(i) |f| a! 0 a‘;,u;[heOFr; tE‘ere exists some’ 2 F (S) such that We can understan®(; ) as how far distributions and
o ' L _ . are from the same height based on thenetric. If is taken
Two distributions; 2 F (S) are bisimilar, written if from LL . then we have? (: ) = jht( ) ht( )j, which

there exists a distribution-based bisimulatignwith R . gives a pseudometric bounded byften used in probabilistic

It is easy to see that is the greatest distribution-basecsystems. If is taken fromL®, then?(; ) = 0 when
bisimulation since it is the union of all distribution-baseht( ) = ht( ), andmax(1 ht( );1 ht( )) otherwise,
bisimulations. Moreover, it is an equivalence relatiorFof8).  Which is a pseudo-ultrametric. In the same way, one can get

?(; ) when is taken fromLN andLP, respectively. A
|V D|STR|BUT|ON'BASED B|S|M|LAR|TY METR|C pseudO'ultrametriC iS a -metriC because_ iS the minimum
t-conorm, but the inverse is not necessarily true, as wigtess
by ? when is taken fromL-, LN, andLP, respectively.
Note that? is important for de ning our bisimilarity metric
) ] and we use it as a special notation in the sequel.
A. Triangular Conorm-Based Metric Let D (s be the set of all -metrics orF (S). The order

Recall that thesimilarity relationon S proposed by Zadeh on D¢ (s is de ned by lettingd; d, if forall ; 2 F (S)

in [35] is a fuzzy relationS on S, i.e., a function of type we haved;(; ) dao(; ).

S S! [0;1], that satis es the following three conditions: |t is easy to check that is indeed a partial order dBe (s .

Before de ning the distribution-based bisimilarity metri
we rst introduce a triangular conorm-based metric.

(1) re exive, i.e.,S(s;s) = 1 forall s 2S, Recall that a partially ordered sgX; ) is called acomplete
(2) symmetric, i.e.S(s;t) = S(t;s) foralls;t2'S,  Jattice if every subset oX has a supremum and an in mum
(3) max-star transitive, i.eS S S , or, more explicitly, in X . We now show thaDg sy endowed with the above order
S(s;sY) S(s%h) S (sit) forms a complete lattice.
s02S Lemma 1. UnderL , (Dg(s); ) is a complete lattice.

where is associative and monotone non-decreasing in e
of its arguments.

Now, we take to be at-norm and de ne, foralls;t 2 S,
d(s;t) =1 S (s;t): It turns out that, for alls;s%t 2 S, we
haved(s;t)  d(s;s®) d(s%t): Moreover,d(s;s) = 0 and
d(s;t) = d(t;s). We call the distance functiod a -metric
Next, we generalize the -metric fromS to F (S).

aﬁé‘oof. For anyyy, D r(s), we de ne ZX by letting
& X)(;F) = fd(; )jd2 Xgand X by letting
X = fd 2 Deg) j 8d°2 X;d  d. We need to
verify that X and X are the sugremum and in mum of
X, respectively. We only prove that X is the supremum;
e inmum can be proven similaf_ly. We rst show that
X 2 Dgs)-glt is obvious that( X)(; ) = 0 and
De nition 6. UnderL ,afunctiond:F(S) F (S)! [0;1] ( X)(; )=( X)(; ). For(P3), we have that

is called a -metriconF(S) ifforall ;; 2F(S), E

(P1A(; ) =0, X))

P2 d(; ) = d(; ), = e 4G)

(P3)d(; ) d(; ) d(; ). wi2o r 5, (A6 ) )

We call (F (S);d) a -metric space. [2D F (s) : ) d2D ¢ (s) dC: )

[C XG0 X))

This de nition generalizes the notion of the pseudo-

ultrametric given by Cao et al. in [2] in two aspects: (1? F_ . i .

our metric is directly de ned on distributions, whereas @ao ' @ny ; ;2 F (S). Hegace X isa -metric. In addition,

is de ned on states; (2) we use instead of _ in Cao's it is not har_d to prove that X_ls the supremum oX . Hence
de nition, i.e, the max-disjunction is replaced by the strong(PF (s): ) is @ complete lattice. O
disjunction. The following proposition indicates thatmetric

always exists. Hausdorff distanceneasures how far two subsets of a metric

- ) ~ space are from each other, which allows us to lift anetric
Proposition 2. Given a t-conorm from L , the -metric g F(S)toa -metric onP(F(S)):

always exists.
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De nition 7. Let (F(S);d) be a -metric space. For any SinceB is nite and d,(n 2 N) is an increasing chain, there

2 F (S) and a nite subse®A of F(S), de ne exists ad such thatd(; ) > sup,ondn(; ) for any
A 2 B. Hence,
aGA)= G inf d(; > inf dn(; = inf dn(;
2a nEdG; ) > ipf(supda(i ) ) = inf supda(; )

Furthermore, given a pair of nite subsefsB F (S), the

Hausdorff distance induced hyis de ned as Thus, inf 2p SUpzndn (5 ) IS the supremum of the set

finf 25 do(; )jn2 Ng. We have completed the proofl]

Ho(AiB)=[ " d(;B)I_[ dGA)L: An immediate corollary is that the Hausdorff distance
2A 2B between two nite sets of possibility distributions is peeged
As expectedHq has the following property. by the sup of an increasing-metric chain.

Lemma 2. UnderL , if dis a -metric onF(S), thenHy Corollary 1. Let (F(S);d) be a -metric spaceA;B be
is a -metric onPs (F (S)), wherePs (F (S)) stands for the nite subsets ofF (S), andfd, jyp 2 Ng be an increasing
set of all nite subsets of (S). chain. TherHF 4 (A;B) =~ ,\yHa, (AB):

Proof. Firstly, it is easy to see thaty(A;A) = 0 and Proof. Straightforward by using Lemma 3. O
Hq(A;B) = Hq(B;A). Secondly,

Rg(AB) Ha(Bif) _ o .
I;N 2A\R|)( B) [ ,5d(;C) Inspired by [36], we de ne a bisimilarity metric that can

d(:C)] (by Proposition 1 (8)) measure the behavioural distance between two distribtsition

B. Distribution-Based Bisimulation Metric

WZAWZB[d(;B)

waa 2eld(c 9 d(;C)] (for some °2 B) De nition 8. Given anNFTS (S;A;! ) andL ,a -metric

w 2aldG; 9 % Q) d on F(S) is called adistribution-based bisimulation metric
= w2ald 9 (" acd( %N if forall ;  2F(S),
= weaby 2c(dC 9 d( %)) () ? dand .

W2A  2c a¢; ) (i) d(; ) < 1 implies that whenever! 0 then there
= ,A0(;C): exists a transition! *  Owithd( ¢ 9 d(; ).

Similarly, we haveHq(A;B) Hq(B;C) w Lo d(;A). The rst condition says thatl should be at leas?. The
Hence, second condition requires the matching of transitions &ed t
distance between the two successor distributions shouid no
Rig (A 'Z)_CH(’(B\&;) dA exceed the distance between the original distributions.
[ 2adGCI_T 2cdA)] Below we aim to give a xed-point characterization of

= Hg(AC): bisimulation metric.
This completes the proof. U Dpeniton 9. Given an image- niteNFTS (S;A;! ), the
The following lemma shows that the distance betweenfdnctional : Dg(s) ! D ¢(s) is dened as follows: for

distribution and a nite set of distributions is preservedthe anyd2Degs) and ; 2 F (S),
sup of an increasing -metric chain. -
P J (A ) = max( " Ha(Ta( ):Ta( )i?( )

Lemma 3. Let (F(S);d) be a -metric spacefd, jn 2 Ng a2 A
be an increasing chain, i.edy d; d; , andB be a Now, we check that is well-de ned.
nite subset of F (S). Then for any 2 F (S), we have . _ ) )
G Proposition 3. Given an image- niteNFTS (S;A;! ), then
( d)(:B) = dn(;B): for anyd 2 Dg (s), we have( d) 2 Dgs).
n2N n2N

_ . Proof. Itis easy to see that d) satis esP 1 andP 2. Now, we
Proof. It is suf cient to prove that verify P3. For any ; ; 2 F (S), it is obvious that, for any
a2 A, (d(; ) Ha(Ta( ); Ta( )) and symmetrically

TEoRe G ITSR LG ) ((: ) Ha(Ta( )iTa( ). Hence, for ama2 A,
First, for anyn 2 N, it is clear that (A ) (A )
inf (- inf di: ) Ha(Ta( );Ta( ) Ha(Ta( );Ta( )
L dn (i) ipE supda(): Ha(Ta( )iTa( )  (by Lemma 2)
This shows thainf 25 sup,,y de(; ) is an upper bound of COnsequently,
the setfinf 25 dh(; ) jn 2 Ng. (A ) (A ) 7 Ha(Ta( )i Ta( )):
Second, for any 2 B, we considersup,,ndn(; ). For a2 A

any > 0, there exists some such that On the other hand. we also have

()= spd G (G ) 2 G and (A ) ? ()
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Hence,
(o ) () ?26G )26 )206G)
by Proposition 2. It follows that
(dey ) A )

max( a2 A Ha(Ta( );Ta( ));?2(; )
Thatis, (d)(; ) (d)}(; ) (d(;

is monotonic with respect to the order,
do, then we have( d;) ( d). Recall that

) as desired. O

Moreover,
e., if dg

the Knaster-Tarski xed-point theorem [37] says that each
monotonic function on a complete lattice has a least xed =

point. Hence the following proposition holds.

Proposition 4. Given an image- niteNFTS (S; A;! ), the
functional :

= fd: (d) dg

min

Example 1. Consider Figure 1 again. Let; = %2 + %8,
2= L8, = 216+ % and , = 036 We write d, for
n(’>) clearlyd di+1 for anyi 2 N. Now, we compute

dS(s;t) anddS(s1;t2). For anyn 3,

dn(s;t) = ( dn 1)(sit)
= max(dn 1( 1; 1);1 (ht(s), & ht(t)))
= dh 2( 1 1)
= (dh 2)( 1 1)
= max(dn 2(£2,%2);1 (ht( 1), & ht( 1))
= dn 2(%5!%
= (dy 2)(ZR;29)
max(dn 3(;5;);1  (ht(%2), & ht(£2))
= 0:

HencedS(s;t) = 0. In the same way, we can calculate that

De(s) ! D F(s) has a least xed point given dy (Sl,tz) 0:4.

For any pair of possibility distributions and , we observe
that the smaller the value af,(; ), the more similar the
distributions.

Let us present an explicit characterization of bisimulatio

metrics in terms of pre- xed points of .

Lemma 4. Given an image- niteNFTS (S; A;! ), for any
d2 Dg sy, dis a pre- xed points of if and only if it is a
distribution-based bisimulation metric.

Proof. Straightforward by the de nitions of distribution-base

bisimulation metric and .

Proposition 4 and Lemma 4 imply the following theorem.iteration of

Theorem 1. Given an image- niteNFTS (S;A;! ). The
smallest distribution-based bisimulation metric existgre-

over it is just min. Letdp def min and call itdistribution-
based bisimilarity metric

In what follows, we used;, d¢, df, andd)) to denote
distribution-based bisimilarity metrics based art, LC,

Corollary 3. Given an image- niteNFTS (S; A;! ). For any

s;t 2 S, let S(s;t) © g du(s;t). ThenS is a similarity
relation onS.

The above corollary relates distribution-based bisirtifar

Ometric to Zadeh's similarity relation.

We can see thaP plays a key role in computing the
distribution-based bisimilarity metric, which is obtathby an
starting from? . This paper uses the least xed
point to establish the distribution-based bisimilarity trieg
while Cao et al. [2] used the greatest xed point to estabtish
behavioural distance. However, there is no essentialrdifiee
because in [2] the partial order oDf sy is reverse, i.e.,
di  dpif di(s;t) da(s;t) for all s;t2 S.

C. An Algorithm for Computingl,

LP and LN, respectively. Under the assumption of image- First of all, let us x a nitary NFTS M = (S;A;! ).

niteness, Corollary 1 implies that preserves the sup of anGiven any pair of possibility distributions

increasing chain oD (s).
Lemma 5. Given an image- niteNFTS (S;A;! ), we have

G
( dn) = ( dn)

n2N n2N

whered, (n 2 N) is an increasing chain de (s).

2 F(S), we
present an on-the- y algorithm to compute their distance.
In order to compute the distanclg(; ), we need to suc-
cessively computel,(; )= "(?)(; ) by Corollary 2,
until an N appears such thay (; ) = dyv+1(; ). Then
do(; ) = dn(; ). The tricky point is that there may be
severaln satisfyingdn(; ) = dn+1(; ) and we cannot
simply choose any of them to bé. We have to make sure

Combining Theorem 1 and Lemma 5 gives a way tthat similar conditiondy ( % 9 = dn+1 (% 9 also holds

calculate the distribution-based bisimilarity metric forage-
nite NFTSs.

Corollary 2. Let (S;A;! ) be an image- niteNFTS. We

dene °?)% 2 and "1(2)% ( "(?)). Then

dy = n(?):

min =
n2N

Proof. The proof is standard; see e.g. Page 183 in [37[

We give a simple example below to illustrate the above

notions and results.

forany %and ©°reachable from and , respectively.

Algorithm 1 gives the details. The main procedure is
distancq ; ), which rst uses the procedurgenerate to
generate all the generalized states reachable froend
then repeatedly calldist(n; % 9 for computingd,( % 9).
The procedurdist(n; ; ) faithfully implements the inductive
de nition "(?)(; ) forn 0. When a suf ciently large
numbem is obtained such that,( % 9= dy( % 9 for any

Oand °reachable from and , respectively, the algorithm
terminates. Therefore, the correctness of the algorithm is
Vensured by the xed point characterization of the bisimfiar
metric given in Corollary 2.
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Proposition 5. For any in nite sequence of transitions

Algorithm 1 Compute the distance between two distributions

a
| 1

az
o! !

as
1! !

2!

there exists some we have

ht( ;)= ht( ;).

Proof. Suppose for a contraction thdi, 9 > i with
ht( j) & ht( ;). So in particular, fori = 0, 9j; > 0
such thatht( j,) & ht( o). Then forji, 9j2 > j1 such
that ht( j,) 6 ht( ;,). Continuing this process, we will
get thatht( ;,) 6 ht( j, ,) for anyn 2. Note that
De nition 4 implies thatht( ) ht( ) for any ! % with
a 2 A. Hence, we get that( j,) > ht( j,) > , l.e.,
an in nite descending chain of non-zero valuestaf ;).

0 such that for allj > i

However, this is impossible. The reason is as follows. Let

X = f o(s® j s®2 Sg andY be the set dened by
f (s9js®2 S;9s 2 S;sl'® g Note that the two sets
are nite becauseS is nite @nd the transitions are nite.
Now, by Denition 4, 1 = g0, ofS) s, Where
the distribution ¢ is obtained bys in supp( o) performing
the actiona. For anys®2 S, 1(s% only takes values in the
setX or Y, implying thatht( 1) only takes values in these
two sets. In the same way, eabb( ; )(n 1) only takes
value in these two sets, which is in contradiction with thet fa
thatfht( ;,)jn 1g has an in nite descending chain. O

This proposition shows that for any given distribution
after nitely many transitions, the height of the resulting
distributions will not change any more, which is important
for the termination of the algorithm that we will soon presen

Theorem 2. Under theL , the algorithm terminates and is
EXPTIME .

Proof. We rst show the algorithm terminates. Proposition 5
says that for any chain of transitions! & b >,
the height of distributions in this chain will not change any
more after nite number of steps. The proof of that propasiti
also says that the transition systems between distribaitoa
nitary, which is important for the analysis below. For any

i 2F(S) andn 0, we know that
Ohea (5 ) = max( Hg, (Ta( );Ta( ));?2(5 ) (D)
a2A
If and are xed, the choices on the right hand side

are nite: dn+1 (; ) is determined by eithe? (; ) or
di( i; j)with 1'% and !'® ;, where there are only

Input: A nite NFTS, and ;
Output: dy(; ).

2F (S).

procedure distancd ; )
n 1
for all ; 2 generatd ) do
for all ; 2 generat€ ) do
njj 1
while dist (n;
njj nj +1;
end while
if nj >n then
n Nijj
end if
end for
end for
return dist (n; ; );
end procedure

1, i; j) 6 dist(nj; i; j) do

procedure generaté )
D f g
repeat
forall a2 A do
forall °2 D do
D° D[ Ta( 9
end for
end for
until D%= D
return D

procedure dist(n; ; )
if n=0 then
return 1 (ht( 9,
else
forall a2 A do
forall ;2 Ta( ) do
forall j 2 Ta( ) do
daj  dist(n 1, i; j);
end for
end for
end for WV
return o ((
end if
end procedure

ht( 9);

W VvV
daij ) _( j idaij )) _dist (0; ; );

nitely many outgoing transitions from and . However, (1)
holds for anyn 0. It must be the case that either

hs1 (3 ) = 2(; ); (2) of ?( «; 1), where ¢ and | are elements in the chains

generated by and , respectively. Hence, when the heights
or of distributions do not change, the values ®f ; |) do
e (5 ) = dn(i5 ) ) not change either. Consequently, there exists sbmeuch
for some xed transitions! ® ; and ! ? i, butin nitely thatdist(N; % 9 = dist(N +1; % 9 for any °and °

many differentn’s. In other words, the distance between reachable from and , respectively, hence the algorithm will
and is either a xed number? (; ) or determined by a t€rminate.

pair of their successor distributions. In the latter cade t We now consider the time complexity. L€S; A;! ) be
same remark can be made again. Eventually, the computatiba NFTS under consideration. Assume that the size of the
of dist(n; ; ) (n 0) boils down to the computationsstate space ia = jSj and the number of edges (viewing the
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NFTS as a directed graph) labelled with possibility values V. Fuzzy MODAL Loaic
is m. Suppose the density of theFTS is k. That is, from
any states there are at most outgoing transitions! *
with the same labeh, for anya 2 A. In the worst case,
the support of is S. By De nition 4, from there are at
mostk" outgoing transitions with the same label. Similarly foE
. Therefore, in the procedumist(l; ; ), we will compute
dist(l 1; i; j) at mostjAjk®" times. For any; 2F (S),
let t; be the time of computinglist(l; ; ). We see that 2= T 1™ ) ! opjp! j hai
t, = jAjk®"t; 1. It follows thatt, is in O((jAjk?™)"). In the
proof of Proposition 5, the sizes of the sétsand Y are Wherep 2 [0;1]. We write® $ pfor (" ! p)” (p! ).
bounded byn andm, respectively. Therefore, the procedure Note that the formulae ih are de ned inductively, so we
dist(l; % 9 will stabilize aftern + m iterations. Note that can only generate formulae of nite depth such®BshaiT,
for each distribution ° reachable from , its support is at haihbiT, T! p,p!h aiT, (eiT! p)~ (r!'h biT), etc.
mostS and the possibility %(s) for anys in its support must However,haiT ! T is not a legitimate formula.
be a possibility value that has already appeared and labelle Letus xanNFTSM = (S;A;! ). We de ne the semantic
some transition in the origindIFTS. So the total number of function[]: L!F (S)! [0;1]to calculate the degree for
those values is less than the total numbenf edges of the a distribution to satisfy a formula.
graph of the originaNFTS. It follows that the total number of
distributions reachable from or is at mostn™. Therefore

In this section, we introduce a fuzzy modal logic that can
characterize distribution-based bisimilarity metric.t L& be
a set of actions ranged over tajb; , andT be a xed
roposition, which is taken from the classical Hennessin#fi
ogic [20]. The languagd. of formulae is the least set
generated by the followin@NF grammar:

De nition 10. A formula 2 L evaluates in 2 F (S) as
' follows:

the overall time consumed is thus@(n™ jAj"* Mk2n*+2nm ) def
which means that the algorithm takes exponential timel] [ric) = htd(ef)'
[~ 20C) = min([ 1C )T 21C ).
[aO) 2 000)) p
Remark 1. Let us consider the algorithm in three particular [p !- K )def: P) LIC),
' ki 1) = max;a [ I 9.

cases.

The roles of the operators ih  will be clearer when

1) If an NFTS is deterministic, i.e. its densitk is equal connecting them with the fuzzy modal logic
to 1, the above algorithm still takes exponential time. 1) In general, forany, 2L, S

There are two time-consuming tasks: (1) to nd some ’
N such thatdy (; ) stabilizes; (2) to guarantee that
dn is stable not only for and , but also for any pair

of distributions reachable from and . This obstacle conjunction® asBL andMTL -algebras do;

reminds us of the problem of computing the bisimilarity ) The operatormax is used to interpret the formula
metric for probabilistic systems [38]-[40], for which hai , which speci es the property for a distribution to
there does not seem to exist polynomial time algorithms. o torm actiona and result in a possible distribution to
For example, van Breugel and Worrell [40] point out that satisfy . Due to nondeterminism, from there may be
the problem of computing the bisimilarity pseudometric several transitions labelled by the same actiore.g.
on the state space of a probabilistic automaton is in 1% . withi 2 |. We take the optimal case by letting
PPAD, which stands for polynomial parity argument [rei J( ) be the maxima[ J( i) wheni 2 I

in a directed graph. It lies between the search problem4) The operato) is used to interpret the formula! p,
versions ofP andNP. wherep 2 [0; 1]

2) Given a nitary NFTS without loops, we know that
it has a nite tree structure. Suppose the height dPe nition 11. Let S = (S;A;! ) be anNFTS, for any
the tree ish. If we apply the above algorithm, it distributions ; 2 F (S), the logical metric between and
is easy to see that after at mokt+ 1 rounds of isdenedbyd(; )=1 inf o ([ 1C)., [ 1()):
iteration, the approximate computation of the distance
between any pair of distributions will stabilize. That is,
dist(h; ; ) = distth+1;; ), and similarly for any d
pair of distributions reachable fromand . Moreover,

the procedurelistance can be simpli ed: there is no . Lo . .
. . The rest of this section is devoted to a logical characteriza
need to callgenerate and it sufces to require the oo . 7 .
) - . ) tion of dp. It turns out thatd, coincides withdy if we consider
while loop to iterateh + 1 times. The overall time thus image- nite NFTSs. We split the proof of this coincidence
consumed iO(jAjM T k2 (h+1) )y, g P P

3) Ifthe NFTS in 2) is deterministic, then the running timeresult into two parts, to show that one metric is dominated by

of the algorithm become®(jAj"*1). So in this very the other and vice versa.
particular case the algorithm becomes polynomial. Lemma 6. For image- nite NFTSs, we haved,  dp.

_ ,and' !
need not be fuzzy modal logical formulae. This point is
completely different fronBL andMTL ;

2) The operatormin is used to interpret themin-

By Proposition 1 (4), it is not dif cult to verify that), is a
-metric onF (S). In the following, we usal-, d®, dF, and
N to denote logical metrics based o, L¢, LP andLN,
respectively.
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Proof. Let (S;A;! ) be an image-nite NFTS. For any and; 2 F (S) be any two distributions. First, we prove the
distributions ; 2 F (S), we need to show the inequalityinequality?  d,. This holds because
d(; ) ds(; ). Itis sufcientto prove

a(; ) = 11 I(FI’]IZ(L )(|[ ]IE[T)]I(, ))|[ 1)
: 1 do(; ’
[10), [10) o) I T RARTR
forall 2L. = ?2(; ):

We proceed by structural induction on formulae. We rsNow assume that 1 2

0 . =
analyze the structure of 2 L. and di(; ) r< 1w

ST need to show that there exists some transitibi  © with
T. Then it is trivial to see that d( % 9 d(; ). Suppose for a contradiction that no
B _ a-transition from satis es this condition. Then for each
[ric). [mC) = htC ), ht() 1d(s ) (2 1)with 1'® ; we haved( % ;)>r. There must exist
becaus@ (: )=1 (ht( ), ht()) do(: ) and some formula; 2L suchthatt ([ ;J( 9, [ il( ) >r,

ds is a bisimulation metric. thatis,[ i1( 9, [ i]1(i) < 1 r,foreachi2 1. Note
L~ . We infer that that by assumption thHFTS is image- nite, so the index set

| is nite. Dene P= ;$ [ 1( 9: Thenforalli 21,

[o” 200), [ 7™ 210) ' _ oy = . 2 _
= min 13 2N ), min@ (L)  LACIEEAEAC) = L0 Tac) < 1w
min(l 21C ), [ 200 )0 20C) . [ 210)) Let =tai .,, P2 Then we infer that

1 do(; ) (byinductionon ; and »).

\Y,
[1C) maxy = wl 2 2C%
The second step holds because of Proposition 1 (5). [, 09

1! p. We infer that = miniz [ 2(
[t o), 2t () - b
= (I 20)) P, d J0)) p On the other hand, we have

[ (). [ () (by Proposition 1 () [10)

V
max, a . o7( .
1 do(; ) (byinductionon 1). Xy i|[ 21 p1C )

max, . minj2i [ 71 1)
p ! 1. Similar to the last case by using max; « [ (i)
Proposition 1 (7). < 1 r
hai ° Let °be the distribution such that ® ©
andrai () =[ 9( 9. Sinced is a distribution- 't follows that

based bisimulation metric, by De nition 8, there exists ~ di(; ) = 1 inf e ([ 9 ), [ °())
some %such that '* C%anddy( & 9  do(; ). 1 [1C), [10)
Without loss of generality, we assunfie]( ) [ 1( ). = 1 [ 1) (by Proposition 1 (2))
In this case,[] (9 [ q( 9. We distinguish two > 1 (1 )
possibilities: =0
-01C)=0 1C). Then which is in contradiction ta(; )= r. O
LI1C), [ 1) By combining the above two lemmas, we arrive at the
=1 following logical characterization theorem.
1 ) Theorem 3. For image- nite NFTSs, we haved, = d,.
-01C)>11C). Then Forany; 2F(S)andany 2L, the proof of Lemma 6
[10). [10) implies[ 1 )= 1( ) when . It follows that
= [ X )S [ 1) (by Proposition 1 (1)) impliesd(; ) = 0. On the other hand, de ne the binary
= [ 9C9) max, « o[ U(° relationR %' f(; )jdi(; )=0g. ThenR is obvious an
[99) [ 99 ° equivalence relation. The proof of Lemma 7 implies tRats
1 do( % 9 (by induction on 9. a distribution-based bisimulation. Hendg ; ) =0 implies
1 do(; ' ): . Therefore, two distributions are bisimilar if and only

of the logical distance between them(s

Corollary 4. Let and be two distributions over an image-
nite NFTS. Then iff di(; )= do(; ) =0 iff

[ 1C)=0 1¢)forall 2L.

Proof. Since dy is the least distribution-based bisimulation
metric, it sufces to prove thatd, is a distribution-based
bisimulation metric. Le{(S; A;! ) be an image- niteNFTS

Lemma 7. For image- nite NFTSs, we haved, d.

The above property can be used to judge whether two
distributions are bisimilar.
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Example 2. According to Corollary 4 and the computationif we take the fuzzy logid_-‘, then by a direct computation
results of Example 1, we can see tisaandt are bisimilar, shown in Example 1, we can obtain thdif(s;;s;) = 0 and
whereass; andt, are not. dt (s2;83) =0:4.

In addition, with Theorem 3 sometimes we can easily cal- Now, forn 2, we have that
culate distribution-based bisimilarity metric in termsdpf For
instance, consider Example 1 again. The only relevant ftamu
is b T, and it is direct to calculate thdthiT](s1) = 0:8
and [ T](tz) = 0:6. Thus[miT](s1) , [HiT](t2) = 0:6
under the Godel implication. It follows from Theorem 3 that
dbG (s1;t2) = d|G (s1;t2) =1 0:6=0:4.

dn (s1Kks2; S2ks3)

( dn 1)(S1ks2;s2Ks3)

max(dn 1(; );1  (ht(siksz) , L ht(szks3)))
dn 1(5 )

( dn 2)(5 )

max(dn 2(s54-1 %4 )1 (ht( ), L ht( )
max(0; 0:2)

0:2:

VI. NON-EXPANSIVENESS

In this section, we show the non-expansiveness of Oour,
distribution-based bisimilarity metric with respect to arallel
composition in the style of CSP [15]. It means that if the In a similar way, one can compute this distance under other
difference (with respect to bisimilarity metric) between fuzzy logics, which are shown in the following diagram.

nced}, (s1ksz; soksz) = 0:2.

and ; is j, then the differencgbetwedr( i; ; n) and : : ;
. . S1;S S2;S S1Kksy; soks
f( 1, ; n)is no more than |_, i [2], wheref is a 0 ( 10 2) | ( 20_43) (51 5_22 3)
parallel composition operator with arguments. This non- d% ) 1' 0:6
expansiveness makes compositional veri cation possible. dt'% ) 1 T
Given anNFTS (S;A;! ) and two possibility distributions dg ) 06 03'6
b : :

i 2F(9S), the key to de ne a parallel composition is how
to appropriately de ne the fuzzy set represented iy . For
example, let = %2+ &2 and = %4 Intitively, in their
parallel composition(s;; S3) appears with possibilitP:3 and
(s2;s3) appears with possibility 00:4. That is, k is the
fuzzy set% + %. Hence, k is given by Theorem 4. Let (S;A;! ) be anNFTS and ;; ; 2 F(S)
with dy( i; i) = i, wherei =1;2. Then we have
(k)siy= (9™ (1)
do( 1k 2; 1K 2) 1_ 2

for all (s;t) 2 S S. Clearly, we have k 2 F(S 9) . -
and in general( k ) and( k ) are different fuzzy sets on Proof. Let F(S)kF(S) = f k j ;2 F(S)g. We de ne
F(S S). Forinstance( k )= %35+ 2= Note that the functionD = (F(S)kF(S))  (F(S)kF(S) ! [0;1] by

(skt)(s%t9 = 1 if (s%t9) = (s;t) and O otherwise. The

It is obvious thaty(s1ks;; S2ks3)  dp(S1; S2)_ db(S2; S3),
i.e., the parallel composition is non-expansive. More galhe
we have the following theorem.

0. def . 0.
above fuzzy setk can be understood agis- + e For Dk S k9 = do(s ) _do( &9
simplicity, we write (53~ + 54 instead of j2-+ &= forany k & k °2F (S)kF(S).

The parallel composition operator we are going to de ne It is easy to check thaD is a -metric onF (S)kF (S).
is asynchronous in the sense that the components can eitiver claim thatD is a pre-xed point of the function
synchronize or act independently. GivenMRTS (S;A;! ), . Des)ke (s) ' D F(s)ke (s)- Let us verify it
for any ; 2 F(S), the events intended to synchronize at For any 1k ,; 1k 2 2 F(S)kF(S), we rst check that

and are listed in the seA \ A and the rest of the 1 (ht( 1k 2), ht( 1k 2)) D( 1k 2; 1k 2): It holds
events can be performed independently, whirestands for because

the setfa2 A :9 °6 ;; 1'® % Formally, theparallel D( 1K 2 1K 2)
composition k can perform actiora in four different ways: = do( 1; 1)_ b 2; 2)
31 %0 02T,(); 2Tu()gifa2A \ A L (i, hCOI_[ (i), il )]
To( k)= f % : 92T,( )g if a2 A nA = 1 (ht( l)k ht( 1)) * (ht( zA), ht( 2))
a 3f k% 22T,()g if a2 A nA 1 (ht( 1)~ ht( 2), ht( 1) " ht( 2))
" otherwise. = 1 (ht( 1k 2), ht( 1k 2)):

Let us present an example of the parallel composition an@€ Second step holds becaukeis the bisimilarity metric,
compute the bisimilarity metric between distributions. and the fourth step holds because of Proposition 1 (5). The
last equality holds because of the following facts: theristex

Example 3. Let S = (fs1;2;83;540;fag;! ) be anNFTS,  s;:ty such thatht( 1) = 1(Sp) andht( 2) = (to), then

where! is de ned by the transitions,! L+ L9, ht( 4k 2)=SUP(siy2s s 1N 2() = 1(s)™ a(to) =
saf 28+ %3g andsy £ Ltg. Then, ht( 1)~ ht( 2); similarly, ht( 1k 2) = ht( 1)~ ht( 2).
Next, suppose that (k »! % 9. We need to show
siksd £ = G+ 934 064 D3 g that there exists somefk 9 such that 1k »! % % 9
soksd £ 1 = o+ s andD( % 9; % 9 D( 1k 2; 1k 2). There are four
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casesa2 A, \A,,a2 A,nA,,a2 A ,nA , and the same state and are given the same treatment. For example,
a62A [ A ,. We only give the details for the rst case; thewe may have the following two transition:
other cases are simpler and can be proved in a similar way. 01 09 06 02

In the case 0B 2 A ,\ A ,, we get by the de nition of pI¥ 5t F9 ad P ¥ Tt EY
the parallel composition that there ar¢ ° ¢ and 3 9. . o I
Since the least xed point of is a pre- xed ploint as weII.sz ?0 W? ok.)ta|.n "’_"NFTS ('S,A,! ), whereS = fPF Eqg,
Lemma 4 there are9 and $suchthat © 9and 22 9 A= fa; ;b by 5g and! - (S) A F (S). .
with do( 9 9) do( 1; 1) and do( 3; 9) do( 20 2). In order to_ compare wnh the work of Ca_o_et'al., we rey|3|t

Example 4 in [2]. According to the physician's estimation,

Clearly, we have 1k 4 % 9 and it remains to verify that L S
y "2 1" 2 fy the transition possibilities of these events among statess

D( % 9 % 9 D( 1k 2; 1k 2). This follows because

it is easy to see that follows.
- . PIF Ol4 09 Pi¥ 064 G4
do( 13 1) _do( 25 2) Ao( 25 1) _db( 2 2): F 1% 95 4+ %dg; E 1% 93 + %8¢
Based on the claim, it follows from the de nition af, that Fit g, Fif o, E!F &+ B
do D, which implies Suppose now that there are two patients: Alice and Bob. The
do( 1k 2; 1K 2) D( 1k 2 1K 2) physician describes the patients' statesSas= [0:8; 0:2; 0:1]
do( 1: 1) _ db( 2: 2) and Sg = [0:8;0:3; 0], respectively. The fuzzy value vector,

say Sg, means that Bob is in “poor” state with membership
_ 0.8, and in “fair” state with membership 0.3. For simpligity
This completes the proof. O we assume that Alice and Bob have no negative symptoms

when the drugs are used for the rst time in therapy. It turns
As a consequence, we can show that the parallel Compasli that

1 2-

tion preserves distribution-based bisimilarity. S 014 084 02
—— a . . B
Corollary 5. If 1 iand ,  then 1k » 1k ». Sa !ajf ﬁ + g + %g
Sg 1T =4+ 2+ T2
Proof. It is straightforward by using Theorem 4 and Corol- S—B 22 ¢ & + & + OE:_gg
lary 4. 0 B P = =Y

We rst show by Corollary 4 that the states of Alice and Bob
are not bisimilar, which is not easy to judge directly by the
de nition of distribution-based bisimulation. In fact, wean

We have seen from Corollary 4 that the problem of checkingd a formula ha;ihbsi T such that[ha;inbsi TJ(Sa) = 0:2
whether two distributions are bisimilar can be converted inand[ha;ihbsi T](Sg) = 0:3 and hence the states of Alice and
a logical judgment of whether the two distributions have thBob are not bisimilar.
same values on the same set of logical formulae, which carnFurthermore, we can obtain more quantitative information
bene t from traditional logic theories and be assisted bsneo by measuring the distance between their states. Ukitig
practical tools. In particular, it is very useful to judgeethon- it is not dif cult to see thatd} (Sa;Sg) = 0:3 by a direct
bisimilarity of two distributions because we only need t@l & computation shown in Example 1. In the same way, we can
formula that witnesses the difference of the two distribasi. also obtain thad'tj (Sa;Sg) = 0:5 whereS, = [0:5;0:5;0]

As an application, we consider an example related &nd Sg = [0;0:5;0:5]. By Corollary 3,S(Sa;Sg) = 0:7
medical diagnosis and treatment, as described by Cao etaald S(Sa;Sg) = 0:5 in the above two cases, respectively,
[2] and Qiu [41] (see also, [5], [42]). We assume that therghich measures the similarity between Alice's and Bob's
is an unknown bacterial infection. Based on his experieaceconditions in the progress of treatment. A little surprisé¢hiat
physician believes that two drugs, sayanda,, may be useful dY (Sa;Sg) is equal tods (Sa;Sg) in the above two cases,
for treating this disease. Three possible negative symgptormespectively, wherelk is the behavioural distance of Cao et
e.g.,ln; bp; b3, must also be considered. A patient's conditioal. [2]. However, Figure 1, Example 1, Example 2, Corollary
can be in one of three rough types, e.g., “poor”, “fair”, and in this paper and Theorem 4 in [2] tell us thd} is not
“excellent”, which are denoted by the capital lettersF, and always equal ta) for anys;t2 S.

E, respectively. A treatment (or a negative symptom) may On the other hand, if we take a different fuzzy logic, then
lead to a state among multiple possible states with certalf(Sa; Sg) is in general different. For example, undet, we
degree. For example, the transitien! *® E means that get thatd} (Sa;Sg) = 0:4 whenS, =[0:5;0:5;0] andSg =

the patient's condition has changed from “fair” to “excelfe [0; 0:5;0:5], but df (Sa;Sg) = 5 whenSa = [0:8;0:2;0:1]
with possibility 0:6 after using drug;, wheread-! 01[0:3] P andSg =[0:8,0:3; 0], respectively.

means that the patient's condition has changed from “fair” t

“poor” with possibility 0:3 if the patient has negative symptom VIIl. RELATED WORK

b;. The transition possibilities of these events are estichbye ~ Simulations and bisimulations for fuzzy (or lattice-vad)e
the physician. Different physical conditions of patientaym systems have received much attention in the eld. Errico and
lead to nondeterministic changes even if the patients areliareti [9] proposed a notion of bisimulation and appliedat t

VII. AN ILLUSTRATIVE EXAMPLE
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fuzzy reasoning. Kupferman and Lusting [11] studied adetti Theorem 3. One can ask whether we can uge! 2
simulation between two lattice-valued Kripke structusich instead of ! pin our setting. The answer is negative. The
are applied to latticed games. P. Eleftheriou et al. [10]J#& reason is that Lemma 6 does not hold for 1! 5. 1In

bisimulation for Heyting-valued modal languages. Pan et addition, Fan [44] has pointed out that fuzzi ed Hennessy-
[12] investigated simulation for lattice-valued doublypéded Milner Theorem does not hold for modal logics based on
transition systems. Cao et al. [1] de ned a bisimulatiomtien  ukasiewicz t-norm and the product t-norm. However, this
between two differenETSs by a correlational pair based orntheorem holds in our framework under a class of fuzzy logics
some relationCiric et al. [3] introduced four types of bisimu- generated by a t-norm including ukasiewicz t-norm and the
lations (forward, backward, forward-backward, and baakiva product t-norm. Therefore, the results in this paper prexdd
forward) for fuzzy automata. Sun et al. [13] investigatednswer to the question of Fan [44]: “to investigate altaweat
forward and backward bisimulations for fuzzy automata. Qide nitions of fuzzy bisimulation that can satisfy the Hessg-
and Deng [4], and Xing et al. [5] addressed the supervisokjilner Theorem with respect to ukasiewicz and product
control of fuzzy discrete event systems by using simulatistructures.” In [10] Eleftheriou gave Heyting-valued mbda
equivalence and bisimulation equivalence, respecti¥y.[6] logicsL" . The relationship between™ andG( ), and
de ned bisimulations for fuzzy Kripke structures. Daml@n¢ the corresponding bisimulations have been discussed &il det
et al. [8] also studied simulation and bisimulation for weigd [6]. Another direction concerning modal logics is to inugate
automata in a similar manner, as also described in [3], [1]. Wnodel checking of nondeterministic systems. For examgle, L
and Deng [14] considered bisimulations 6T Ss. et al. [45], [46] studied quantitative computation treeitofpr

All these approaches can be divided into two classes. In thodel checking based on possibility measures.
rst class, (bi)simulations are based on a crisp relatiorthoan
state space, and thus one state is either (bi)similar tchanot
state or not. As [1], [5], [8]-[10], [13], [14], the preseritidy IX. CONCLUSION AND FUTURE WORK
belongs to this class. In the second class, (bi)simulatizas

based on a fuzzy relation (or a lattice-valued relation) o t We have proposed a new notion of bisimulation, which
y is. distribution-based. We have introduced an abstractimetr

?tt)?)t;msi?;rcteo, ;’:]rgfhhershﬁ\ﬁlss ;herg:gr:eﬁatsoagzlctz doir:]e[;]ta[teoéssed on triangular-conorm and constructed a distribution
[6], [11], [12] Recent'ly Iatticsf)valued nondeterpmiriri:sthzz; 4based bisimilarity metrilc for measgring the behgyio_urz:sl—di
au'éomaéa ha\./e also be:en proposed [43] tance between generalized stateNIRTSs. The bisimilarity

| metric is a quantitative analogue of bisimilarity. The sieal
the distance, the more alike the distributions are. In paldr,
. : NS UNAGL 5 distributions are bisimilar if and only if they have diste
explored_ n fuzz_y sys_tems. We just compare our _d|str|but|o . Moreover, we have given a fuzzy modal logic to characterize
based bisimulation with the state-based bisimulationrgive distributions-based bisimilarity metric soundly and cdetely.

Cao et al .[2]' . : In addition, we have also shown that the CSP-style paral-
An equivalence relatiorR S S is a state-based - : L N
L o o a lel composition with respect to bisimilarity metric is non-
bisimulation if s R t implies that wheneves! , there . . . .- . L
. La . _ expansive. Unlike the exact notion of bisimulation, bidarity
exists some transitiot! with  ([s9) = ([s9) for all

R-equivalence classgs] metric is more robust for fuzzy systems, which enables us to
We can prove that iR. is a state-based bisimulation ther%nvestigate the approximate equivalence of fuzzy systems.
the lifted relationRY (see De nition 8 in [2]) is a distribution- _The_re are seve_ral prot_)lems that are worth _further _study.

based bisimulation. This means that for asit 2 S, if s First, it W_OUId be Interesting to nd an appropriate logic to
andt are related by a state-based bisimulation tiseand characterize the behavioural distande of Cao et al. [2].
fact, we have a logic that can characterize the stateebase

t are related by a distribution-based bisimulation. Howgv P

the inverse does not hold, as can be seen from Figure |f|mulat|on of Cao et al., but cannot charactedze Second,

and Example 2. In this sense, we say that distribution-badbd® unclear if our methpdology can be ge_ner:_;lllzed to the

bisimilarity is coarser than state-based bisimilarity. general framework_ of lattices. O_ne subtlety lies in Lemma 7.
As modal logics, Wu and Deng [14] gave a fuzzy styl N _the cu_rtrent T)ettl:g?utﬁfx 2 _'tA‘_JtX <! qu< rH holds W?ﬁ_n

Hennessy-Milner logic, which characterizes bisimulasidor IS at nfm;l S.lfj sedo | ?thum In ervf{lo'tt']. li)iwever,_m IS

FTSs soundly and completely. There the formula is interpret@(ﬁOpery aiis It we dealwith a general 1atlice. Hence, 15s

on (bare) states and is two-valued, i.e., a state eithes aati necessary to give a new proof of Theorem 3 or to change the

a formula or not. Fan [6] characterized her fuzzy bisimolati modal Io_g|(_:. Last _bUt not least, we would like to gure out
in terms of Godel modal logiG( ) as follows: whether it is possible and how to improve the algorithm for

computing the bisimilarity metric so that they can be used in

taEpjcjtat Tt o practical analysis of fuzzy systems.
Its semantic interpretation is given in terms of (bare)estand
is quantitative, i.e., the semantic domain is the unit waéer X. ACKNOWLEDGMENT
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