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Abstract

For the model of probabilistic labelled transition systems that
allow for the co-existence of nondeterminism and probabilities, we
present two notions of bisimulation metrics: one is state-based and the
other is distribution-based. We provide a sound and complete modal
characterisation for each of them, using real-valued modal logics based
on Hennessy-Milner logic. The logic for characterising the state-based
metric is much simpler than an earlier logic proposed by Desharnais et
al. as it uses only two non-expansive operators rather than the general
class of non-expansive operators. For the kernels of the two metrics,
which correspond to two notions of bisimilarity, we give a comprehensive
comparison with some typical distribution-based bisimilarities in the
literature.

Keywords: Probabilistic labelled transition systems; Behavioral pseu-
dometrics; Real-valued modal logics

1 Introduction

Bisimulation is an important proof technique for establishing behavioural
equivalences of concurrent systems. In probabilistic concurrency theory,
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there are roughly two kinds of bisimulations: one is state-based that is
directly defined over states and then lifted to distributions, and the other is
distribution-based as it is a relation between distributions. The former is
originally defined in [ 37] to represent a branching time semantics; the latter,
as defined in [31, 24, 14], represents a linear time semantics.

In correspondence with those bisimulations, there are two notions of
behavioural pseudometrics (simply called metrics in the current work). They
are more robust ways of formalising behavioural similarity between formal
systems than bisimulations because, particularly in the probabilistic setting,
bisimulations are too sensitive to probabilities (a very small perturbation of
the probabilities would render two systems non-bisimilar). A metric gives a
quantitative measure of the distance between two systems and distance 0
usually means that the two systems are bisimilar. A logical characterisation
of the state-based bisimulation metric for labelled Markov processes is given
in [17]. For a more general model of labelled concurrent Markov chains
(LCMCs) that allow for the co-existence of nondeterminism and probabilities,
a weak bisimulation metric is proposed in [18]. Its logical characterisation
uses formulae likeh ◦ f , which is the composition of formula f with any
non-expansive operatorh on the interval [0,1], i.e. |h(x) − h(y)| ≤ | x − y|
for any x, y ∈ [0,1]. A natural question then arises: instead of the general
class of non-expansive operators, is it possible to use only a few simple
non-expansive operators without losing the capability of characterising the
bisimulation metric?

In the current work, we give a positive answer to the above question.
For simplicity of presentation, we focus on strong bisimulation metrics. But
the proof idea can be generalised to the weak case. We work in the framework
of probabilistic labelled transition systems (pLTSs) that are essentially the
same as LCMCs, so the interplay of nondeterminism and probabilities is
allowed. We provide a modal characterisation of the state-based bisimulation
metric closely in line with the classical Hennessy-Milner logic (HML) [30].
Our variant of HML makes use of state formulae and distribution formulae,
which are formulae evaluated at states and distributions, respectively, and
yield success probabilities. We use merely two non-expansive operators:
negation (¬ ϕ) and testing (ϕ ⊖ p). Negation is self-explanatory and the
testing operator checks if a state satisfies a property with certain threshold
probability. More precisely, if state s satisfies formula ϕ with probability q,
then it satisfies ¬ ϕ with probability 1 − q, and satisfies ϕ ⊖ p with probability
q − p if q > p and 0 otherwise. In other words, we do not need the general
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class of non-expansive operators because negation and testing, together with
other modalities inherited from the classical HML, are expressive enough
to characterise bisimulation metrics4. As regards to the characterisation
of distribution-based bisimulation metric, we drop state formulae and use
distribution formulae only. In addition, we show that the distribution-based
metric is a lower bound of the state-based metric when the latter is lifted to
distributions.

The kernels of the two metrics generate two notions of bisimilarity:
one is state-based and the other is distribution-based. The state-based
bisimilarity is widely accepted by the community of probabilistic concurrency
theory, and it admits elegant characterisations from metric, logical, and
algorithmic perspectives [11]. On the contrary, there is no general agreement
on what is a good notion of distribution-based bisimilarity. We compare
the two bisimilarities induced by our metrics with some typical notions of
distribution-based bisimilarities proposed in the literature. Our distribution-
based bisimilarity turns out to coincide with the one defined in [ 24] and they
constitute the coarsest bisimilarity for distributions.

The rest of this paper is organised as follows. Section 2 provides some
basic concepts on pLTSs. Section 3 defines a two-sorted modal logic that
leads to a sound and complete characterisation of the state-based bisimulation
metric. Section 4 gives a similar characterisation for the distribution-based
bisimulation metric. In Section 5 we compare the two metrics discussed in
the previous two sections. In Section 6 we compare the two bisimilarities
generated by the two metrics with some distribution-based bisimilarities
that appeared in the literature. In Section 7 we review some related work.
Finally, we conclude in Section 8.

An extended abstract of this paper has appeared as [19]. All the proofs
omitted there are now given in great detail.

2 Preliminaries

Let S be a countable set. A(discrete) probability subdistribution over S is
a function ∆ : S → [0,1] with

P
s∈S ∆( s) ≤ 1. It is a (full) distribution ifP

s∈S ∆( s) = 1. Its support, written ⌈∆ ⌉, is defined to be the set { s ∈ S |

4Notice that we do not claim that negation and testing operators, plus some constant
functions, suffice to approximate all the non-expansive operators on the unit interval. That
claim is too strong to be true. For example, the operator f (x) = 1

2
x cannot be represented

by those operators.



214 Wenjie Du, Yuxin Deng, and Daniel Gebler

∆( s) > 0}. Let Dsub(S) (resp. D(S)) denote the set of all subdistributions
(resp. distributions) over S. We useε to stand for the empty subdistribution,
that is ε(s) = 0 for any s ∈ S. We write s for the point distribution, satisfying
s(t) = 1 if t = s, and 0 otherwise. The total mass of subdistribution ∆,
written |∆ |, is defined as

P
s∈S ∆( s). A weight function5 ω ∈ D (S × S) for

(∆ , Θ) ∈ D (S) ×D (S) is given if it satisfies the two conditions:
P

t∈S ω(s, t) =
∆( s) and

P
s∈S ω(s, t) = Θ( t) for all s, t ∈ S. We denote the set of all

weight functions for (∆ , Θ) by Ω(∆ , Θ). If { ∆ i}i∈ I is a finite collection of
subdistributions and { pi}i∈ I is a collection of probabilities with

P
i∈ I pi ≤ 1,

then
P

i∈ I pi · ∆ i is also a subdistribution with (
P

i∈ I pi · ∆ i)(s) =
P

i∈ I pi ·
∆ i(s) for any s ∈ S.

A metric d over a spaceS is a distance function d : S × S → R≥ 0

satisfying: (i) d(s, t) = 0 iff s = t (isolation), (ii) d(s, t) = d(t, s) (symmetry),
(iii) d(s, t) ≤ d(s, u) + d(u, t) (triangle inequality), for any s, t, u ∈ S. If we
replace (i) with d(s, s) = 0, we obtain a pseudometric. In this article we
are interested in pseudometrics because two distinct states can still be at
distance zero if their behaviour is similar. But for simplicity, we often use
the term metrics though we really mean pseudometrics. Letc ∈ R≥ 0 be a
positive real number. A metric d over S is c-bounded if d(s, t) ≤ c for any
s, t ∈ S. In the rest of this article, we restrict ourselves to 1-bounded metrics.

Let d : S × S → [0,1] be a metric overS. We can lift it to be a metric
over D(S) by using the Kantorowich metric [34] K (d) : D(S) × D (S) → [0, 1]
defined via a linear programming problem as follows:

K (d)(∆ , Θ) = min
ω∈ Ω(∆ ,Θ)

X
s,t∈S

d(s, t) · ω(s, t) (1)

for ∆ , Θ ∈ D (S). The dual of the above linear programming problem is the
following

max
P

s∈S(∆( s) − Θ( s))xs, subject to 0 ≤ xs ≤ 1
∀s, t ∈ S : xs − xt ≤ d(s, t) .

(2)
The duality theorem in linear programming guarantees that both problems
have the same optimal value.

Let d̂ : D(S) × D (S) → [0, 1] be a metric overD(S). We can lift it to be
a metric over the powerset ofD(S), written P (D(S)), in the standard way
by using the Hausdorff metric H (d̂) : P (D(S)) × P (D(S)) → [0,1] given as

5A weight function is also known as a coupling in some literature [46].
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follows

H (d̂)(Π 1, Π 2) = max { sup
∆ ∈ Π 1

inf
Θ ∈ Π 2

d̂(∆ , Θ) , sup
Θ ∈ Π 2

inf
∆ ∈ Π 1

d̂(Θ , ∆) }

for all Π 1, Π 2 ⊆ D (S), whereby inf ∅ = 1 and sup ∅ = 0.

Probabilistic labelled transition systems (pLTSs) generalise labelled
transition systems by allowing for probabilistic choices in the transitions.
They are essentiallysimple probabilistic automata [42] without initial states.

Definition 2.1 A probabilistic labelled transition system is a triple (S,A, −→ ),
whereS is a countable set of states,A is a countable set of actions, and the
relation −→ ⊆ S × A × D (S) is a transition relation.

We write s
a−→ ∆ for (s, a, ∆) ∈ −→ and s ̸a−→ if there is no ∆ satisfying s

a−→ ∆.
Let der(s, a) = { ∆ | s a−→ ∆ } be the set of alla-successor distributions ofs.
A pLTS is image-finite (resp. deterministic or reactive) if for any state s
and action a the set der(s, a) is finite (resp. has at most one element). In
the current work, we focus on image-finite pLTSs with finitely many states.

3 State-Based Bisimulation Metrics

We consider the complete lattice ([0, 1]S× S , ⊑ ) defined by d ⊑ d′ iff d(s, t) ≤
d′(s, t), for all s, t ∈ S. For any D ⊆ [0, 1]S× S the least upper bound is given
by (

F
D)(s, t) = supd∈D d(s, t), and the greatest lower bound is given by

(
d
D)(s, t) = inf d∈D d(s, t) for all s, t ∈ S. The bottom element 0 is the

constant zero function 0(s, t) = 0 and the top element 1 is the constant one
function 1(s, t) = 1 for all s, t ∈ S.

Definition 3.1 A 1-bounded metricd on S is a state-based bisimulation
metric if for all s, t ∈ S with d(s, t) < 1, whenevers

a−→ ∆ then there exists
some t

a−→ ∆ ′ with K (d)(∆ , ∆ ′) ≤ d(s, t).

The smallest (wrt. ⊑ ) state-based bisimulation metric, denoted byds , is
called state-based bisimilarity metric. Its kernel is the state-based bisimilarity
as defined in [37, 42]. Note that 0 does not satisfy Definition 3.1 for general
pLTSs, thus is not a state-based bisimulation metric in general.

Example 3.1 Let us calculate the distance between statess and t in Figure 1.
Firstly, it is clear that ds (s4, t5) = 0 because boths4 and t5 are deadlock
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Figure 1: ds (s, t) = 1
2

states. It follows that ds (s2, t3) = 0 becauses2 has a uniquec-transition to s4

and t3 has a uniquec-transition to t5. On the contrary, ds (s3, t3) = 1 because
the two statess3 and t3 perform completely different actions. Secondly, let
∆ = 1

2s2 + 1
2s3 and Θ = t3. We see that

K (ds )(∆ , Θ) = min ω∈ Ω(∆ ,Θ) ds (s2, t3) · ω(s2, t3) + ds (s3, t3) · ω(s3, t3)

= min ω∈ Ω(∆ ,Θ) 0 · ω(s2, t3) + 1 · ω(s3, t3)

= 0 · 1
2 + 1 · 1

2
= 1

2

Here the only weight function isω with ω(s2, t3) = ω(s3, t3) = 1
2 . It follows

that ds (s1, t1) = 1
2 . Similarly, we get ds (s1, t2) = 1

2 . Then it is not difficult
to see that

K (ds )(s1,
1

2
t1 +

1

2
t2) = ds (s1, t1) · 1

2
+ ds (s1, t2) · 1

2
=

1

2

from which we finally obtain ds (s, t) = 1
2 .

The above coinductively defined bisimilarity metric can be reformulated
as a fixed point of a monotone functional operator. Let us define the
functional operator F s : [0,1]S× S → [0,1]S× S for d : S × S → [0,1] and
s, t ∈ S by

F s(d)(s, t) = sup
a∈A

{ H (K (d))( der(s, a), der(t, a))} . (3)
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It can be shown that F s is monotone and its least fixed point is given byF
di, where d0 = 0 and di+1 = F s(di) for all i ∈ N.

Proposition 3.1 d s is the least fixed point of F s. 2

Essentially the same property as Proposition 3.1 has appeared in [18].
Now we proceed by defining a real-valued modal logic based on Hennessy-

Milner logic [30], called metric HML, to characterise the bisimilarity metric.
It is motivated by [33, 17, 18, 5].

Definition 3.2 Our metric HML is two-sorted and has the following syntax:

φ ::= ⊤ | ¬ φ | φ ⊖ p | φ1 ∧ φ2 | ⟨a⟩ψ
ψ ::= [ φ] | ¬ ψ | ψ ⊖ p | ψ1 ∧ ψ2

with a ∈ A and p ∈ [0, 1].

Let L denote the set of all metric HML formulae, φ range over the set of
all state formulae L S, and ψ range over the set of alldistribution formulae
L D . The two kinds of formulae are defined simultaneously. The operator
φ ⊖ p tests if a state passesφ with probability at least p. Each state
formula φ immediately induces a distribution formula [φ]. Sometimes we
abbreviate ⟨a⟩ [φ] as ⟨a⟩φ. Other operators such as negation, conjunction,
and the diamond operator come from the classical HML, but will be given a
quantitative interpretation.

Definition 3.3 A state formula φ ∈ L S evaluates ins ∈ S as follows:

J⊤ K(s) = 1
J¬ φK(s) = 1 − JφK(s)

Jφ ⊖ pK(s) = max( JφK(s) − p, 0)
Jφ1 ∧ φ2K(s) = min( Jφ1K(s), Jφ2K(s))

J⟨a⟩ψK(s) = max
s

a−→ ∆
JψK(∆)

with max ∅ = 0 and a distribution formula ψ ∈ L D evaluates in ∆ ∈ D (S)
as follows:

J[φ]K(∆) =
P

s∈S ∆( s) · JφK(s)
J¬ ψK(∆) = 1 − JψK(∆)

Jψ ⊖ pK(∆) = max( JψK(∆) − p, 0)
Jψ1 ∧ ψ2K(∆) = min( Jψ1K(∆) , Jψ2K(∆)) .
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We often use constant formulae e.g. p for any p ∈ [0,1] with the
semanticsJpK(s) = p, which is derivable in the above logic by letting p =
⊤ ⊖ (1 − p). Moreover, we write φ ⊕ p for ¬ (( ¬ φ) ⊖ p) with the semantics
Jφ ⊕ pK(s) = min(JφK(s)+ p, 1) = 1 − max(1 − JφK(s) − p, 0). In the presence
of negation and conjunction we can derive disjunction by lettingφ1 ∨ φ2

be ¬ (¬ φ1 ∧ ¬ φ2). Intuitively, [[ φ]](s) measures the degree that formula
φ is satisfied by state s; similarly for distribution formulae. Therefore,
negation is naturally interpreted as complement, conjunction as minimum
and disjunction as maximum6. The formula ⟨a⟩ψ specifies the property for
a state to perform action a and result in a possible distribution to satisfy
ψ. In the presence of nondeterminism, from states there may be several
outgoing transitions labelled by the same actiona, e.g. s

a−→ ∆ i with i ∈ I.
We take the optimal case by taking [[⟨a⟩ψ]](s) to be the maximal [[ψ]](∆ i)
when i ranges overI.

The above metric HML induces two natural logical metrics d ls
s and d ld

s

on states and distributions respectively, by letting

d ls
s (s, t) = supφ∈L S |JφK(s) − JφK(t)|

d ld
s (∆ , Θ) = sup ψ∈L D |JψK(∆) − JψK(Θ) |.

Remark 3.1 In the above definition, we can also write

d ls
s (s, t) = sup

φ∈L S

(JφK(s) − JφK(t)) (4)

because ifJφK(s) < JφK(t) then we can take the negation ofφ so as to obtain
|JφK(s) − JφK(t)|.

J¬ φK(s) − J¬ φK(t) = (1 − JφK(s)) − (1 − JφK(t)) = |JφK(s) − JφK(t)| .

However, this heavily relies on our semantic interpretation of the negation
operator, and we decide not to use (4) as a definition. Similarly for d ld

s (∆ , Θ) .

Example 3.2 Consider the two probabilistic systems depicted in Figure 2.
We have the formulaφ = ⟨a⟩ψ whereψ = [ ⟨a⟩⊤ ] ∧ [⟨b⟩⊤ ] and would like to
know the difference betweens and t given byφ. Let

∆ 1 = 0 .2 · s1 + 0 .8 · s2

∆ 2 = 0 .8 · s5 + 0 .2 · s6

∆ 3 = 0 .5 · s3 + 0 .5 · s4

6Since we will compare our logic with that in [ 18], it is better for our semantic
interpretation to be consistent with that in the aforementioned work. In the literature,
there are also other ways of interpreting conjunction and disjunction in probabilistic
settings, see e.g. [32, 4].
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s
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0.2 0.8 0.8 0.2

a b a b1.0 1.0 1.0 1.0

t

s1 s2 s3 s4 s5 s6

a

a

a

0.2 0.8 0.5 0.5 0.8 0.2

a b a b a b1.0 1.0
1.0

1.0
1.0 1.0

Figure 2: d ls
s (s, t) = 0 .3

Note that J⟨a⟩⊤ K(s1) = 1 and J⟨a⟩⊤ K(s2) = 0 . Then

J[⟨a⟩⊤ ]K(∆ 1) = 0 .2 · J⟨a⟩⊤ K(s1) + 0 .8 · J⟨a⟩⊤ K(s2) = 0 .2.

Similarly, J[⟨b⟩⊤ ]K(∆ 1) = 0 .8. It follows that

JψK(∆ 1) = min( J[⟨a⟩⊤ ]K(∆ 1), J[⟨b⟩⊤ ]K(∆ 1)) = 0 .2.

With similar arguments, we see that JψK(∆ 2) = 0 .2 and JψK(∆ 3) = 0 .5.
Therefore, we can calculate that

JφK(s) = max( JψK(∆ 1), JψK(∆ 2)) = 0 .2
JφK(t) = max( JψK(∆ 1), JψK(∆ 2), JψK(∆ 3)) = 0 .5.

So the difference betweens and t with respect toφ is |JφK(s) − JφK(t)| = 0 .3.
In fact we also haved ls

s (s, t) = 0 .3.

In the presence of testing operators in state formulae, one might wonder
if the testing operators in distribution formulae can be removed. Unfortu-
nately, this is not the case, as indicated by the following example.



220 Wenjie Du, Yuxin Deng, and Daniel Gebler

Example 3.3 At first sight the following two equations seem to be sound.

J[φ] ⊖ pK(∆) = J[φ ⊖ p]K(∆) and JψK(
X
i

pi∆ i) =
X
i

pi(JψK(∆ i))

However, in general they do not hold, as witnessed by the counterexamples
below. Letφ = ⟨b⟩⊤ , ψ = [ φ] ⊖ 0.5 and the distribution ∆ 1 be the same as
in Example 3.2. Then we have

J[φ] ⊖ 0.5K(∆ 1) = max( J[φ]K(∆ 1) − 0.5, 0)
= max(0 .2J[⟨b⟩⊤ ]K(s1) + 0 .8J[⟨b⟩⊤ ]K(s2) − 0.5, 0)
= max(0 .2 · 0 + 0.8 · 1 − 0.5, 0)
= 0 .3

J[φ ⊖ 0.5]K(∆ 1) = 0 .2Jφ ⊖ 0.5K(s1) + 0 .8Jφ ⊖ 0.5K(s2)
= 0 .2 max(JφK(s1) − 0.5, 0)
+ 0 .8 max(JφK(s2) − 0.5, 0)
= 0 .2 max(0 − 0.5, 0) + 0 .8 max(1 − 0.5, 0)
= 0 .4

0.2JψK(s1) + 0 .8JψK(s2) = 0 .2J[φ] ⊖ 0.5K(s1) + 0 .8J[φ] ⊖ 0.5K(s2)
= 0 .2 max(J[φ]K(s1) − 0.5, 0)
+ 0 .8 max(J[φ]K(s2) − 0.5, 0)
= 0 .2 max(0 − 0.5, 0) + 0 .8 max(1 − 0.5, 0)
= 0 .4

So we see thatJ[φ] ⊖ 0.5K(∆ 1) ≠ J[φ ⊖ 0.5]K(∆ 1) and JψK(∆ 1) ≠ 0 .2JψK(s1)+
0.8JψK(s2).

It turns out that the logic L precisely captures the bisimilarity metric ds :
the metric d ls

s defined by state formulae coincides with ds and the metric d ld
s

defined by distribution formulae coincides with K (ds ), the lifted form of ds .

Theorem 3.1 d s = d ls
s and K (ds ) = d ld

s

The two properties in Theorem 3.1 are coupled and should be proved si-
multaneously because state formulae and distribution formulae are defined
reciprocally. The proof is carried out in three steps:

(i) We show d ls
s ⊑ ds and d ld

s ⊑ K (ds ) simultaneously by structural
induction on formulae.
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(ii) We establish K (d ls
s ) ⊑ d ld

s by exploiting the dual form of the Kan-
torovich metric in (2). Here it is crucial to require the state space
of the pLTS under consideration to be finite in order to use binary
conjunctions rather than infinitary conjunctions. The negation and
testing operators in state formulae play an important role in the proof.

(iii) We verify that d ls
s is a state-based bisimulation metric and so obtain

ds ⊑ d ls
s . This part is based on (ii) and requires the pLTS to be

image-finite. Its proof makes use of the negation and testing operators
in distribution formulae.

We follow the above guideline and decompose Theorem 3.1 into three
technical lemmas.

Lemma 3.1 1. d ls
s ⊑ ds

2. d ld
s ⊑ K (ds )

Proof: We show the two statements simultaneously by structural induction
on formulae. For any two statess, t ∈ S and distributions ∆ 1, ∆ 2 ∈ D (S),
we prove that

(i) |JφK(s) − JφK(t)| ≤ ds (s, t) for all φ ∈ L S;

(ii) |JψK(∆ 1) − JψK(∆ 2)| ≤ K (ds )(∆ 1, ∆ 2) for all ψ ∈ L D .

We first analyze the structure of φ in (i).

• φ ≡ ⊤ . Then it is trivial to see that |JφK(s) − JφK(t)| = |1 − 1| = 0 ≤
ds (s, t).

• φ ≡ ¬ φ′. Then |JφK(s) − JφK(t)| = |Jφ′K(t) − Jφ′K(s)| ≤ ds (s, t) where
the inequality holds by induction.

• φ ≡ φ′ ⊖ p. There are four subcases and we consider one of them.
SupposeJφ′K(s) > p and Jφ′K(t) ≤ p, then |JφK(s) − JφK(t)| = |Jφ′K(s) −
p| ≤ | Jφ′K(s) − Jφ′K(t)| ≤ ds (s, t) by induction.

• φ ≡ φ1∧ φ2. Without loss of generality we assume thatJφK(s) ≥ JφK(t).
There are two possibilities:

– If Jφ1K(t) ≤ Jφ2K(t), then JφK(s) − JφK(t) ≤ Jφ1K(s) − Jφ1K(t) ≤
ds (s, t), where the last inequality holds by induction.
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– Symmetrically, if Jφ2K(t) ≤ Jφ1K(t), then JφK(s) − JφK(t) ≤
Jφ2K(s) − Jφ2K(t) ≤ ds (s, t).

• φ ≡ ⟨ a⟩ψ. If either s or t cannot perform action a, the expected result
is straightforward. So we consider the non-trivial case that boths and t
can perform action a. Let ∆ 1 be a distribution such that s

a−→ ∆ 1 and
J⟨a⟩ψK(s) = JψK(∆ 1). Since ds is a state-based bisimulation metric, by
definition there exists some ∆ 2 such that t

a−→ ∆ 2 and

K (ds )(∆ 1, ∆ 2) ≤ ds (s, t) . (5)

Without loss of generality we assume thatJφK(s) ≥ JφK(t). It follows
that

JφK(s) − JφK(t)
= JψK(∆ 1) − max

s
a−→ ∆ ′JψK(∆ ′)

≤ JψK(∆ 1) − JψK(∆ 2)
≤ K (ds )(∆ 1, ∆ 2) by induction on ψ
≤ ds (s, t) by (5)

Then we analyze the structure ofψ in (ii).

• ψ ≡ [φ] for someφ ∈ L S. Without loss of generality we assume that
JψK(∆ 1) ≥ JψK(∆ 2). We infer that

JψK(∆ 1) − JψK(∆ 2)
= J[φ]K(∆ 1) − J[φ]K(∆ 2)
=

P
u∈S(∆ 1(u) − ∆ 2(u))JφK(u)

≤ max{
P

u∈S(∆ 1(u) − ∆ 2(u))xu |xu, xu′ ∈ [0, 1]∧ xu − xu′ ≤ ds (u, u′)}
= K (ds )(∆ 1, ∆ 2)

where the last equality holds because of the Kantorovich-Rubinstein
duality theorem [34, 48] and the last inequality holds because for any
statesu, u′ ∈ S we haveJφK(u), JφK(u′) ∈ [0, 1] and |JφK(u) − JφK(u′)| ≤
ds (u, u′) by induction.

• ψ = ψ1 ∧ ψ2. Without loss of generality we assume thatJψK(∆ 1) ≥
JψK(∆ 2). There are two possibilities:

– If Jψ1K(∆ 2) ≤ Jψ2K(∆ 2), then JψK(∆ 1) − JψK(∆ 2) ≤ Jψ1K(∆ 1) −
Jψ1K(∆ 2) ≤ K (ds )(∆ 1, ∆ 2), where the last inequality holds by
induction.
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– Symmetrically, if Jψ2K(∆ 2) ≤ Jψ1K(∆ 2), then JψK(∆ 1)− JψK(∆ 2) ≤
Jψ2K(∆ 1) − Jψ2K(∆ 2) ≤ K (ds )(∆ 1, ∆ 2).

• ψ ≡ ¬ ψ′ or ψ′⊖ p. Similar to the proof by induction of the last case.

2

Lemma 3.2 K (d ls
s ) ⊑ d ld

s

Proof: Let ∆ 1, ∆ 2 be any two distributions in D(S). We aim to show
that

K (d ls
s )(∆ 1, ∆ 2) ≤ sup

ψ∈L D

|JψK(∆ 1) − JψK(∆ 2)| . (6)

Let L(∆ 1, ∆ 2) be the optimal value of the following linear program

max
P

s∈S(∆ 1(s) − ∆ 2(s))xs,
subject to 0 ≤ xs ≤ 1

∀s, t ∈ S : xs − xt ≤ d ls
s (s, t)

(7)

Let { ks}s∈S be a set of real numbers in the interval [0, 1] that maximize
the above linear program to reachL(∆ 1, ∆ 2). We first consider the special
case that ks = 1 for all s ∈ S. Then the maximum value of the linear
program in (7) isX

s∈S

(∆ 1(s) − ∆ 2(s)) · 1 =
X
s∈S

∆ 1(s) −
X
s∈S

∆ 2(s) = 1 − 1 = 0 .

It follows that K (d ls
s )(∆ 1, ∆ 2) = 0 and this immediately implies (6).

Now consider the general case thatks < 1 for at least ones ∈ S. We
are going to show (6) by using an idea inspired by [18]. Let

e = min { 1 − kt | kt < 1 and t ∈ S}

and ϵ > 0 be any positive real number smaller thane. Hence, if t ∈ S and
kt < 1 then

kt + ϵ < 1. (8)

We construct some formulaψ such that

L(∆ 1, ∆ 2) − ϵ < JψK(∆ 1) − JψK(∆ 2). (9)

For any s, t ∈ S, we distinguish two cases:
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1. If ks > kt, then 0 < ks − kt ≤ d ls
s (s, t). It is easy to see that there

exists some formulaφst such that

ks − kt < JφstK(s) − JφstK(t) + ϵ. (10)

or equivalently JφstK(t) − JφstK(s) + ks < kt + ϵ. We define a new
formula

φ′
st =

�
φst ⊖ (JφstK(s) − ks) if JφstK(s) > ks
φst ⊕ (ks − JφstK(s)) otherwise.

Let us compareJφ′
stK(t) with kt.

(a) If JφstK(s) > ks, then

Jφ′
stK(t) = max( JφstK(t) − JφstK(s) + ks, 0)

< max(kt + ϵ, 0) by (10)
= kt + ϵ

(b) Otherwise, we haveJφ′
stK(t) = min(JφstK(t) + ks − JφstK(s), 1) by

definition. By (10) we infer the inequality that JφstK(t) + ks −
JφstK(s) < kt + ϵ. It follows that Jφ′

stK(t) < kt + ϵ.

In both (a) and (b) we have Jφ′
stK(t) < kt + ϵ, and it is also easy to see

that Jφ′
stK(s) = ks.

2. If ks ≤ kt, then we simply setφ′
st to be the formula ks. As in the last

case, we haveJφ′
stK(s) = ks and Jφ′

stK(t) = ks ≤ kt < kt + ϵ.

In summary, the above reasoning says that for anys, t ∈ S we can
construct a formula φ′

st such that Jφ′
stK(s) = ks and Jφ′

stK(t) < kt + ϵ. Now
let us define φ′

s =
V

t∈S φ′
st. It is easy to see thatJφ′

sK(s) = ks and Jφ′
sK(t) <

kt + ϵ for all t ∈ S. The latter implies max{ Jφ′
sK(t) | s, t ∈ S} < kt + ϵ. Then

define φ =
W

s∈S φ′
s. For all t ∈ S, we have

kt = Jφ′
tK(t) ≤ JφK(t) = max { Jφ′

sK(t) | s, t ∈ S} < kt + ϵ.

Finally, we define ψ = [ φ]. It follows that

JψK(∆ 1) − JψK(∆ 2) = J[φ]K(∆ 1) − J[φ]K(∆ 2)
=

P
t∈S ∆ 1(t) · JφK(t) −

P
t∈S ∆ 2(t) · JφK(t)

≥
P

t∈S ∆ 1(t) · kt −
P

t∈S ∆ 2(t) · JφK(t)
>

P
t∈S ∆ 1(t) · kt −

P
t∈S ∆ 2(t) · (kt + ϵ)

=
P

t∈S(∆ 1(t) − ∆ 2(t)) · kt −
P

t∈S ∆ 2(t) · ϵ
= L(∆ 1, ∆ 2) − ϵ
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as required in (9). 2

The above property will be used to prove the following lemma.

Lemma 3.3 d s ⊑ d ls
s

Proof: We show that d ls
s is a state-based bisimulation metric. Let

s, t be any two states inS and ϵ be any real number in the interval [0,1)
with d ls

s (s, t) ≤ ϵ. Assume that s
a−→ ∆ 1 is an arbitrarily chosen transition

from s. Then state t must be able to perform action a too. Otherwise
it is easy to see that d ls

s (s, t) = 1 > ϵ, which contradicts our assumption
above. We need to show that there exists some transitiont

a−→ ∆ 2 with
K (d ls

s )(∆ 1, ∆ 2) ≤ ϵ. Suppose for a contradiction that noa-transition from t
satisfies this condition. In other words, for each ∆ i

2 with t
a−→ ∆ i

2 we have
K (d ls

s )(∆ 1, ∆ i
2) > ϵ. By Lemma 3.2, this meansd ld

s (∆ 1, ∆ i
2) > ϵ. Then

there must exist some formulaψi
2 ∈ L D such that |Jψi

2K(∆ 1) − Jψi
2K(∆ i

2)| > ϵ.
Furthermore, we can strengthen this condition to the following one

Jψi
2K(∆ 1) − Jψi

2K(∆ i
2) > ϵ (11)

because we can take the formula¬ ψi
2 in place of ψi

2 in the case that
Jψi

2K(∆ 1) < Jψi
2K(∆ 2). Let

φ = ⟨a⟩
^
i

(ψi
2 ⊖ Jψi

2K(∆ i
2)) .

We infer that

JφK(s) = max
s

a−→ ∆
J
V

i ψ
i
2 ⊖ Jψi

2K(∆ i
2)K(∆)

≥ J
V

i(ψ
i
2 ⊖ Jψi

2K(∆ i
2))K(∆ 1)

= min iJψi
2 ⊖ Jψi

2K(∆ i
2)K(∆ 1)

= Jψk
2 ⊖ Jψk

2K(∆ k
2)K(∆ 1) for somek

= max( Jψk
2K(∆ 1) − Jψk

2K(∆ k
2), 0)

> ϵ by (11)

On the other hand, we have

JφK(t) = max
t

a−→ ∆ i
2

J
V

j(ψ
j
2 ⊖ Jψj

2K(∆ j
2))K(∆ i

2)

= max
t

a−→ ∆ i
2

minjJψ
j
2 ⊖ Jψj

2K(∆ j
2)K(∆ i

2)

= max
t

a−→ ∆ i
2

minj max((Jψj
2K(∆ i

2) − Jψj
2K(∆ j

2)) , 0)

= 0
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It follows that d ls
s (s, t) ≥ JφK(s) − JφK(t) > ϵ, which gives rise to a contra-

diction. 2

Finally, we obtain a proof of Theorem 3.1.
Proof: By combining the last three technical lemmas. 2

Remark 3.2 In the proof of Lemma 3.3 we have constructed the formula

φ = ⟨a⟩
^
i

(ψi
2 ⊖ Jψi

2K(∆ i
2)) (12)

by making use of conjunction and minus connectives for distribution formu-
lae. This happens because in the presence of non-determinism statet may
perform action a and then evolves into one of several successor distributions
∆ i

2. If we confine ourselves to deterministic pLTSs, then statet will have
a unique successor distribution∆ i

2 and therefore (12) can be simplified as
φ = ⟨a⟩ψi

2. In this case, there is no need of conjunction and minus con-
nectives for distribution formulae. That is, distribution formulae are in
the form [φ] or ¬ [φ]. Furthermore, if we fold them into state formulae in
Definition 3.2, distribution formulae can be completely dropped. In other
words, for deterministic pLTSs, the state-based bisimilarity metric can be
characterised by the following one-sorted metric logic

φ ::= ⊤ | ¬ φ | φ ⊖ p | φ1 ∧ φ2 | ⟨a⟩φ . (13)

Therefore, for deterministic pLTSs, the two-sorted logic in Definition 3.2
degenerates into the logic considered in [17, 50, 26], as expected. In the
one-sorted logic, the formula⟨a⟩ (φ ⊖ p) will be interpreted the same as the
formula ⟨a⟩ [φ ⊖ p] in L S, but no formula has the same interpretation as
⟨a⟩ ([φ] ⊖ p) in L S; the subtlety has already been discussed in Example 3.3.

In [ 8, 3] a bisimulation metric for game structures is characterised by a
quantitative µ-calculus where formulae are evaluated also on states and no
distribution formula is needed. This is not surprising because the considered
2-player games are deterministic: at any states, if two players have chosen
their moves, saya1 and a2, then there is a unique distribution δ(s, a1, a2) to
determine the probabilities of arriving at a set of destination states.

4 Distribution-Based Bisimulation Metric

The bisimilarity metric given in Definition 3.1 measures the distance between
two states. Alternatively, it is possible to directly define a metric that
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measures subdistributions. In order to do so, we first define a transition
relation between subdistributions.

Definition 4.1 With a slight abuse of notation, we also use the notation
a−→ to stand for the transition relation between subdistributions, which is the

smallest relation satisfying the three rules given in Figure 3.

s
a−→ ∆

s
a−→ ∆

s ̸a−→

s
a−→ ε

∀i ∈ I. pi > 0 ∧ ∆ i
a−→ Θ i I is finite

X
i∈ I

pi ≤ 1

(
X
i∈ I

pi · ∆ i)
a−→ (

X
i∈ I

pi · Θ i)

Figure 3: Rules for transitions between subdistributions

Note that if ∆
a−→ ∆ ′ then not necessarily all the states in the support

of ∆ can perform action a. For example, consider the two statess2 and s3 in
Figure 1. Sinces2

c−→ s4 and s3 cannot perform action c, the distribution ∆ =
1
2s2 + 1

2s3 can make the transition ∆
c−→ 1

2s4 to reach the subdistribution 1
2s4.

Lemma 4.1 For any subdistribution ∆ ∈ D sub(S) and action a, if ∆
a−→ ∆ ′

then there exisits some subdistributions∆ s such that

1. ∆ ′ =
P

s∈⌈∆ ⌉ ∆( s) · ∆ s;

2. s
a−→ ∆ s for each s ∈ ⌈∆ ⌉;

3. if s ̸a−→ then ∆ s = ε.

Proof: By induction on the rules of inferring ∆
a−→ ∆ ′. As displayed

in Figure 3, there are three rules. The first two are straightforward, so we
assume that ∆

a−→ ∆ ′ is derived from the last one. Suppose ∆ =
P

i∈ I pi · ∆ i,

∆ ′ =
P

i∈ I pi · ∆ ′
i,

P
i∈ I pi ≤ 1 and for all i ∈ I we have ∆ i

a−→ ∆ ′
i.

By induction hypothesis, for each i ∈ I, the subdistribution ∆ ′
i can be

decomposed as ∆′i =
P

s∈⌈∆ i⌉ ∆ i(s) · ∆ is with s
a−→ ∆ is for each s ∈ ⌈∆ i⌉,

and ∆ is = ε if s ̸a−→ . Note that ∆( s) =
P

i∈ I pi · ∆ i(s). It follows that

s =
X
i∈ I

pi∆ i(s)

∆( s)
· s a−→

X
i∈ I

pi∆ i(s)

∆( s)
· ∆ is
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Now let ∆ s =
P

i∈ I
pi∆ i(s)

∆( s) · ∆ is. The above transition can be written as

s
a−→ ∆ s. We also observe that

∆ ′ =
X
i∈ I

pi ·
X

s∈⌈∆ i⌉

∆ i(s) · ∆ is =
X

s∈⌈∆ ⌉

X
i∈ I

pi∆ i(s) · ∆ is =
X

s∈⌈∆ ⌉

∆( s) · ∆ s

Moreover, if s ̸a−→ then ∆ is = ε and thus ∆ s = ε as required. 2

Definition 4.2 A 1-bounded pseudometricd on Dsub(S) is a distribution-
based bisimulation metric if, for all ∆ 1, ∆ 2 ∈ D sub(S), the following two
conditions are satisfied:

1. | | ∆ 1| − | ∆ 2| | ≤ d(∆ 1, ∆ 2);

2. wheneverd(∆ 1, ∆ 2) < 1 and ∆ 1
a−→ ∆ ′

1 then there is some transition

∆ 2
a−→ ∆ ′

2 such that d(∆ ′
1, ∆ ′

2) ≤ d(∆ 1, ∆ 2).

The condition | | ∆ 1| − | ∆ 2| | ≤ d(∆ 1, ∆ 2) says that the distance between
two subdistributions should be at least the difference between their total
masses. The smallest (wrt.⊑ ) distribution-based bisimulation metric, nota-
tion dd , is called distribution-based bisimilarity metric . Distribution-based
bisimilarity [14] is the kernel of the distribution-based bisimilarity metric.

Let der(∆ , a) = { ∆ ′ | ∆
a−→ ∆ ′}. We define the functional operator

F d : [0, 1]Dsub(S) × Dsub(S) → [0, 1]Dsub(S) × Dsub(S)

for d : Dsub(S) × D sub(S) → [0, 1] and ∆ , Θ ∈ D sub(S) by

F d(d)(∆ , Θ) = max(sup
a∈A

{ H (d)(der(∆ , a), der(Θ , a))}, | | ∆ | − | Θ | | ) . (14)

It can be shown that F d is monotone and its least fixed point is given by
F
di,

where d0(∆ , Θ) = | | ∆ | − | Θ | | for any ∆ , Θ ∈ D sub(S) and di+1 = F d(di) for
all i ∈ N. The property below is analogous to Proposition 3.1.

Proposition 4.1 d d is the least fixed point of F d. 2

It is not difficult to see that ds is different from dd , as witnessed by the
following example. A more accurate comparison is given in Section 5.
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Example 4.1 Consider the states in Figure 1. We first observe that
dd (s2, t3) = 0 becauses2 and t3 can match each other’s action exactly.
Similarly, we have dd (s3, t4) = 0 . Then it is straightforward to see that

dd ( 1
2s2+ 1

2s3,
1
2t3+ 1

2t4) = 0 . Since s1
b−→ 1

2s2+ 1
2s3 and 1

2t1+ 1
2t2

b−→ 1
2t3+ 1

2t4,
we infer that dd (s1,

1
2t1 + 1

2t2) = 0 . This, in turn, implies dd (s, t) = 0 . We
have already seen in Example 3.1 thatds (s, t) = 1

2 . Therefore, the two
distance functions ds and dd are indeed different.

We now turn to the logical characterisation of dd . Consider the metric
logic LD∗ whose formulae are defined below:

ψ ::= ⊤ | ¬ ψ | ψ ⊖ p | ψ1 ∧ ψ2 | ⟨a⟩ψ . (15)

This logic is the same as that defined in (13) except that now we only have
distribution formulae. The semantic interpretation of formulae comes with
no surprise.

Definition 4.3 A formula ψ ∈ L D∗ evaluates in ∆ ∈ D sub(S) as follows:

J⊤ K(∆) = |∆ |
J¬ ψK(∆) = 1 − JψK(ψ)

Jψ ⊖ pK(∆) = max( JψK(∆) − p, 0)
Jψ1 ∧ ψ2K(∆) = min( Jψ1K(∆) , Jψ2K(∆))

J⟨a⟩ψK(∆) = max
∆

a−→ ∆ ′JψK(∆ ′).

This induces a natural logical metric d ld
d over subdistributions defined by

d ld
d (∆ , Θ) = sup

ψ∈L D∗
|[[ψ]](∆) − [[ψ]](Θ) |

It turns out that d ld
d coincides with dd . Below we show that one metric is

dominated by the other and vice versa.

Lemma 4.2 d ld
d ⊑ dd

Proof: Similar to the proof of Lemma 3.1. We proceed by structural
induction on formulae. For any two subdistributions ∆ 1, ∆ 2 ∈ D (S), we
prove that

|JψK(∆ 1) − JψK(∆ 2)| ≤ dd (∆ 1, ∆ 2)

for all ψ ∈ L D∗ .
Let us analyze the structure ofψ.
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• ψ ≡ ⊤ . Then it is trivial to see that |JψK(∆ 1) − JψK(∆ 2)| = | | ∆ 1| −
|∆ 2| | ≤ dd (∆ 1, ∆ 2).

• ψ ≡ ¬ ψ′. Then |JψK(∆ 1) − JψK(∆ 2)| = |Jψ′K(∆ 2) − Jψ′K(∆ 1)| ≤
dd (∆ 1, ∆ 2) where the inequality holds by induction.

• ψ ≡ ψ′ ⊖ p. There are four subcases and we consider one of them.
SupposeJψ′K(∆ 1) > p and Jψ′K(∆ 2) ≤ p, then |JψK(∆ 1) − JψK(∆ 2)| =
|Jψ′K(∆ 1) − p| ≤ | Jψ′K(∆ 1) − Jψ′K(∆ 2)| ≤ dd (∆ 1, ∆ 2) by induction.

• ψ ≡ ψ1 ∧ ψ2. Without loss of generality we assume thatJψK(∆ 1) ≥
JψK(∆ 2). There are two possibilities:

– If Jψ1K(∆ 2) ≤ Jψ2K(∆ 2), then JψK(∆ 1) − JψK(∆ 2) ≤ Jψ1K(∆ 1) −
Jψ1K(∆ 2) ≤ dd (∆ 1, ∆ 2), where the last inequality holds by induc-
tion.

– Symmetrically, if Jψ2K(∆ 2) ≤ Jψ1K(∆ 2), then JψK(∆ 1)− JψK(∆ 2) ≤
Jψ2K(∆ 1) − Jψ2K(∆ 2) ≤ dd (∆ 1, ∆ 2).

• ψ ≡ ⟨ a⟩ψ′. Let ∆ ′
1 be a distribution such that ∆ 1

a−→ ∆ ′
1 and

J⟨a⟩ψ′K(∆ 1) = Jψ′K(∆ ′
1). Since dd is a distribution-based bisimulation

metric, by definition there exists some ∆ ′
2 such that ∆ 2

a−→ ∆ ′
2 and

dd (∆ ′
1, ∆ ′

2) ≤ dd (∆ 1, ∆ 2). Without loss of generality we assume that
JψK(∆ 1) ≥ JψK(∆ 2). It follows that

JψK(∆ 1) − JψK(∆ 2)
= Jψ′K(∆ ′

1) − max
∆ 2

a−→ ∆ ′′
2

Jψ′K(∆ ′′
2)

≤ Jψ′K(∆ ′
1) − Jψ′K(∆ ′

2)
≤ dd (∆ ′

1, ∆ ′
2) by induction on ψ′

≤ dd (∆ 1, ∆ 2)

2

Lemma 4.3 d d ⊑ d ld
d

Proof: The proof is similar to that of Lemma 3.3, so we omit it. 2

By combining the previous two lemmas, we obtain the logical charac-
terisation of dd .

Theorem 4.1 d d = d ld
d 2
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5 Comparison of the Bisimilarity Metrics

In this section, we compare the state-based bisimilarity metricds with the
distribution-based bisimilarity metric dd . More precisely, we show thatdd is
a lower bound ofK (ds ) when measuring full distributions7. The proof makes
use of fully enabled pLTSs as a stepping stone. Let us first fix an overall set
of actions Act and a special action⊥ ̸∈Act. Let EA(s) = { a | ∃∆ . s

a−→ ∆ }
be the set of actions that are enabled at states. We also use⊥ to stand for
a special state when there is no confusion.

Definition 5.1 A pLTS with state set S is fully enabled if for any state
s ∈ S\{⊥} we haveEA(s) = Act. Given any pLTS A = ( S,A, −→ ) with A ⊆
Act, we can convert it into a fully enabled pLTSA ⊥ = ( S⊥ , Act ∪ {⊥} , −→ ⊥ )
as follows:

S⊥ = { s⊥ |s ∈ S} ∪ {⊥}
−→ ⊥ = { (s⊥ , a, ∆ ⊥ ) | (s, a, ∆) ∈−→}

∪{ (s⊥ , a, ⊥ ) | s ̸a−→ and a ∈ Act}
∪{ (⊥ , a, ⊥ ) | a ∈ Act ∪ {⊥}} .

where ∆ ⊥ (s⊥ ) = ∆( s) for each s ∈ S and ∆ ⊥ (⊥ ) = 1 − | ∆ |. In other words,
each states in A corresponds to a states⊥ in A ⊥ such that s⊥ keeps all the
transitions of s and can evolve into the absorbing state⊥ by performing any
action in Act not enabled by s. As a consequence, each subdistribution ∆
on the states ofA has a corresponding full distribution ∆ ⊥ on the states
of A ⊥ .

For any pLTS, let s, t be two states and ∆ , Θ two subdistributions.
It can be shown that ds (s, t) = ds (s⊥ , t⊥ ) and dd (∆ , Θ) = dd (∆ ⊥ , Θ ⊥ ).
Moreover, for fully enabled pLTSs, the metric dd turns out to be a lower
bound of K (ds ) as far as distributions are concerned. Before proving those
properties, we first present the following technical lemma.

Lemma 5.1 For any subdistribution ∆ on A and any a ∈ Act,

∆
a−→ ∆ 1 iff ∆ ⊥ a−→ ∆ ⊥

1 .

Proof: (⇒ ) Suppose ∆ is a subdistribution on A and ∆
a−→ ∆ 1 for some

a ∈ Act and subdistribution ∆ 1. By Lemma 4.1 we can decompose ∆1 such

7Although dd can measure the distance between two subdistributions, the Kantorovich
lifting of d s can only measure the distance between full distributions or subdistributions
of equal mass, which can easily be normalized to full distributions.
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that ∆ 1 =
P

s∈⌈∆ ⌉ ∆( s) · ∆ s, s
a−→ ∆ s for each s ∈ S′, whereS′ is the set of

states in the support of ∆ that can enable action a, and ∆ s = ε if s ̸∈S′.
For each s ∈ S′, the state s⊥ keeps all the transitions ofs, so we have some
distribution ∆ ⊥

s with s⊥ a−→ ∆ ⊥
s . For each s ̸∈S′, we haves⊥ a−→ ⊥ . It

follows that

∆ ⊥ a−→ (
X
s∈S′

∆( s) · ∆ ⊥
s +

X
s∈⌈∆ ⌉\S′

∆( s) · ⊥ + (1 − | ∆ |) · ⊥ ) = ∆ ⊥
1 .

(⇐ ) Suppose ∆ ⊥ a−→ ∆ ⊥
1 for some subdistribution ∆ on A and some

action a ∈ Act. We have that ∆ ⊥ =
P

s∈⌈∆ ⌉ ∆( s) · s⊥ + (1 − | ∆ |) · ⊥ . By

Lemma 4.1 we have that ∆ ⊥
1 = (

P
s∈⌈∆ ⌉ ∆( s) · Θ s) + (1 − | ∆ |) · ⊥ , where

Θ s = ∆ ⊥
s if s enablesa and s

a−→ ∆ s for some distribution ∆ s, or Θ s = ⊥
if s cannot enable actiona. Let S′ be the set of states in the support of ∆
that can enable action a. We have that

∆ ⊥
1 = (

X
s∈S′

∆( s) · ∆ ⊥
s ) + (1 −

X
s∈S′

∆( s)) · ⊥ = (
X
s∈S′

∆( s) · ∆ s)⊥ .

By setting ∆ 1 =
P

s∈S′ ∆( s) · ∆ s, we indeed have that ∆
a−→ ∆ 1. 2

Lemma 5.2 1. Let s, t be any two states ofA . Then ds (s, t) = ds (s⊥ , t⊥ )

2. Let ∆ ,Θ be two distributions onA . Then K (ds )(∆ , Θ)= K (ds )(∆ ⊥ , Θ ⊥ ).

3. Let ∆ , Θ be two subdistributions onA . Then dd (∆ , Θ) = dd (∆ ⊥ , Θ ⊥ ).

Proof:

1. By Proposition 3.1 we see thatds =
F
di, where d0 = 0 and di+1 =

F s(di) for all i ∈ N. We show by induction on i that di(s, t) = di(s
⊥ , t⊥ )

for all i ∈ N. The base case is trivial. Let us consider the inductive
step.

di+1 (s, t) = sup a∈Act{ H (K (di))( der(s, a), der(t, a))}
di+1 (s⊥ , t⊥ ) = sup a∈Act∪{⊥} { H (K (di))( der(s⊥ , a), der(t⊥ , a))}

If X = { ∆ 1, ..., ∆ n} is a set of distributions on A , we denote by (X)⊥

the set { ∆ ⊥
1 , ..., ∆ ⊥

n }. For any a ∈ Act, we distinguish four cases:
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(a) Both s and t can enable actiona in A . That is, neither der(s, a)
nor der(t, a) is empty. Then s

a−→ ∆ iff s⊥ a−→ ∆ ⊥ . That is,
each a-successor distribution ofs, say ∆, has a corresponding
a-successor distribution ofs⊥ , say ∆ ⊥ , and vice-versa. Similarly,
for each Θ ∈ der(t, a), we have Θ ⊥ ∈ der(t⊥ , a). This means
that der(s⊥ , a) = ( der(s, a)) ⊥ and der(t⊥ , a) = ( der(t, a)) ⊥ . By
induction, we have that di(u, v) = di(u

⊥ , v⊥ ) for any u, v ∈ S. It
follows that

K (di)(∆ , Θ) = K (di)(∆
⊥ , Θ ⊥ )

and moreover,

H (K (di))( der(s, a), der(t, a)) = H (K (di))( der(s⊥ , a), der(t⊥ , a)) .

(b) State s cannot enable actiona but state t can enable actiona.
Then der(s, a) = ∅ , der(s⊥ , a) = { ⊥} , der(t, a) ≠ ∅ and ⊥ ̸∈
der(t⊥ , a). Clearly, K (di)(⊥ , Θ ⊥ ) = 1 for any Θ ⊥ ∈ der(t⊥ , a)

because here Θ is a full distribution and t′ ̸⊥−→ for any t′ ∈ ⌈Θ ⌉.
It follows that

H (K (di))( der(s, a), der(t, a)) = 1 = H (K (di))( der(s⊥ , a), der(t⊥ , a)) .

(c) The symmetric case of (b) by exchanging the rules ofs and t. We
also have

H (K (di))( der(s, a), der(t, a)) = 1 = H (K (di))( der(s⊥ , a), der(t⊥ , a)) .

(d) Neither s nor t can enable actiona. Then der(s, a) = der(t, a) = ∅
and der(s⊥ , a) = der(t⊥ , a) = { ⊥} . It follows that

H (K (di))( der(s, a), der(t, a)) = 0 = H (K (di))( der(s⊥ , a), der(t⊥ , a)) .

In all the cases above, we always have the following equation

H (K (di))( der(s, a), der(t, a)) = H (K (di))( der(s⊥ , a), der(t⊥ , a))
(16)

for any a ∈ Act. For the action ⊥ , we haveder(s⊥ , ⊥ )= der(t⊥ , ⊥ )= ∅ .
Hence,

H (K (di))( der(s⊥ , ⊥ ), der(t⊥ , ⊥ )) = 0 . (17)
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By using (16) and (17), we can reason that

di+1 (s, t) = sup a∈Act{ H (K (di))( der(s, a), der(t, a))}
= supa∈Act{ H (K (di))( der(s⊥ , a), der(t⊥ , a))
= supa∈Act∪{⊥} { H (K (di))( der(s⊥ , a), der(t⊥ , a))

= di+1 (s⊥ , t⊥ ) .

2. Since ∆ and Θ are full distributions, then so are ∆ ⊥ and Θ ⊥ . Then
Clause 2 follows from Clause 1 immediately.

3. The proof is similar to that of Clause 1. By Proposition 4.1 we see
that dd =

F
di, where d0 = 0 and di+1 = F d(di) for all i ∈ N. For

distributions on A ⊥ , we need to consider the special action⊥ too. We
show by induction on i that di(∆ , Θ) = di(∆

⊥ , Θ ⊥ ) for all i ∈ N. The
base case is trivial. Let us consider the inductive step.

di+1 (∆ , Θ) = max( sup
a∈Act

{ H (di)(der(∆ , a), der(Θ , a))}, | | ∆ | − | Θ | | ) .

Since ∆ ⊥ and Θ ⊥ are full distributions, there is no need of comparing
their masses. Hence,

di+1 (∆ ⊥ , Θ ⊥ ) = sup
a∈Act∪{⊥}

{ H (di)(der(∆ ⊥ , a), der(Θ ⊥ , a))} .

By Lemma 5.1, for any ∆ on A and a ∈ A, we have the correspondence
of transitions ∆

a−→ ∆ 1 iff ∆ ⊥ a−→ ∆ ⊥
1 . Similarly, for each Θ 1 ∈

der(Θ , a), we have Θ ⊥
1 ∈ der(Θ ⊥ , a), and vice-versa. This means

that der(∆ ⊥ , a) = ( der(∆ , a)) ⊥ and der(Θ ⊥ , a) = ( der(Θ , a)) ⊥ . By
induction, di(∆ 1, Θ 1) = di(∆

⊥
1 , Θ ⊥

1 ) for any ∆ 1, Θ 1 ∈ D sub(S). It
follows that

H (di)(der(∆ , a), der(Θ , a)) = H (di)(der(∆ ⊥ , a), der(Θ ⊥ , a)) .

Therefore,

sup
a∈A

{ H (di)(der(∆ , a), der(Θ , a))} = sup
a∈A

{ H (di)(der(∆ ⊥ , a), der(Θ ⊥ , a))} .

Observe that in ∆ ⊥ no state except for⊥ can enable action⊥ , which
means that the following equality holds: der(∆ ⊥ , ⊥ ) = { (1 − | ∆ |) · ⊥} .
Similarly, der(Θ ⊥ , ⊥ ) = { (1 − | Θ |) · ⊥} . We then have that

H (di)(der(∆ ⊥ , ⊥ ), der(Θ ⊥ , ⊥ ))} = di((1 − | ∆ |) · ⊥ , (1 − | Θ |) · ⊥ )
= | (1 − | ∆ |) − (1 − | Θ |) |
= | | ∆ | − | Θ | |
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Now it is easy to see thatdi+1 (∆ , Θ) = di+1 (∆ ⊥ , Θ ⊥ ) as required. 2

Theorem 5.1 Let ∆ , Θ be two distributions on a fully enabled pLTS. Then

dd (∆ , Θ) ≤ K (ds )(∆ , Θ) .

Proof: We will prove that K (ds ) is a distribution-based bisimulation
metric for fully enabled pLTSs. Sincedd is the smallest distribution-based
bisimulation metric, it follows that dd (∆ , Θ) ≤ K (ds )(∆ , Θ).

By assumption, both ∆ and Θ are distributions. It is trivial to see that

| | ∆ | − | Θ | | = 0 ≤ K (ds )(∆ , Θ) .

SupposeK (ds )(∆ , Θ) < 1 and ∆
a−→ ∆ ′. Then for any s ∈ ⌈∆ ⌉, there

exists some ∆ s such that s
a−→ ∆ s and ∆ ′ =

P
s∈⌈∆ ⌉ ∆( s) · ∆ s because

the pLTS under consideration is fully enabled. Let S be the state set of
the pLTS excluding the special state⊥ . For any t ∈ S, we observe that
ds (s, t) < 1 because in a fully enabled pLTS no two states different from⊥
have distance 1. So by the definition of ds , there exists some Θt such that
t

a−→ Θ t and K (ds )(∆ s, Θ t) ≤ ds (s, t). We define Θ ′ =
P

t∈S Θ( t) · Θ t and

it is easy to see that Θ
a−→ Θ ′.

Let ω ∈ Ω(∆ , Θ) be a weight function satisfying

K (ds )(∆ , Θ) =
X
s,t∈S

ω(s, t) · ds (s, t).

Similarly, let ωs,t ∈ Ω(∆ s, Θ t) be a weight function satisfying

K (ds )(∆ s, Θ t) =
X
u,v∈S

ωs,t(u, v) · ds (u, v).

Define ω′ ∈ D (S × S) as follows:

ω′(u, v) =
X
s,t∈S

ω(s, t) · ωs,t(u, v)

for any u, v ∈ S. We check that ω′ is a weight function for ∆ ′ and Θ ′.P
u∈S ω′(u, v) =

P
u∈S

P
s,t∈S ω(s, t) · ωs,t(u, v)

=
P

s,t∈S ω(s, t)
P

u∈S ωs,t(u, v)

=
P

s,t∈S ω(s, t) · Θ t(v)

=
P

t∈S Θ( t) · Θ t(v)
= Θ ′(v)
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for any v ∈ S. Similarly, we can infer that
P

v∈S ω′(u, v) = ∆ ′(u) for any
u ∈ S. Therefore, we haveω′ ∈ Ω(∆ ′, Θ ′), from which we can do the
following reasoning:

K (ds )(∆ ′, Θ ′) ≤
P

u,v∈S ω′(u, v) · ds (u, v)

=
P

u,v∈S

P
s,t∈S ω(s, t) · ωs,t(u, v) · ds (u, v)

=
P

s,t∈S ω(s, t)
P

u,v∈S ωs,t(u, v) · ds (u, v)

=
P

s,t∈S ω(s, t) K (ds )(∆ s, Θ t)

≤
P

s,t∈S ω(s, t) ds (s, t)

= K (ds )(∆ , Θ) .

In summary, we have shown thatK (ds ) is a distribution-based bisimulation
metric. This completes the proof. 2

Then we arrive at the following theorem.

Theorem 5.2 Let ∆ , Θ be two distributions on a pLTS. Then dd (∆ , Θ) ≤
K (ds )(∆ , Θ) .

Proof: Let ∆ , Θ be two distributions on a pLTS A . Let ∆ ⊥ , Θ ⊥ be the
corresponding distributions on the fully enabled pLTS A ⊥ . It follows from
Lemma 5.2(2)-(3) and Theorem 5.1 that

dd (∆ , Θ) = dd (∆ ⊥ , Θ ⊥ ) ≤ K (ds )(∆ ⊥ , Θ ⊥ ) = K (ds )(∆ , Θ) .

2

6 Bisimulations

The kernel of ds (resp. dd ) is the state-based (resp. distribution-based)
bisimilarity, denoted by ∼ s (resp. ∼ d). They can be defined in a more
direct way. The definition of ∼ s requires us to lift a relation on states to
be a relation on distributions. There are several different but equivalent
formulations of the lifting operation, and they are closely related to the
Kantorovich metric; see [11] for more details. The following one is taken
from [16].

Definition 6.1 Given two setsS, T and a binary relation R⊆ S × T , we
define the lifted binary relation R †⊆ D sub(S) × D sub(T ) as the smallest
relation satisfying the following two rules:

1. s R t implies s R † t;
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2. ∆ i R † Θ i for all i ∈ I implies (
P

i∈ I pi · ∆ i) R † (
P

i∈ I pi · Θ i), where
I is a finite index set and

P
i∈ I pi ≤ 1.

The state-based bisimilarity ∼ s is essentially Larsen and Skou’s proba-
bilistic bisimilarity [ 37], which is originally defined for deterministic systems.

Definition 6.2 Let ∼ s⊆ S × S be the largest symmetric relation such that
if s ∼ s t and s

a−→ ∆ then there exists somet
a−→ Θ with ∆ ( ∼ s)† Θ .

The distribution-based bisimilarity ∼ d is proposed in [14] as a sound
and complete coinductive proof technique for linear contextual equivalence,
a natural extensional behavioural equivalence for functional programs.

Definition 6.3 Let ∼ d⊆ D sub(S) ×D sub(S) be the largest symmetric relation
such that if ∆ ∼ d Θ then |∆ | = |Θ | and ∆

a−→ ∆ ′ implies the existence of
some Θ ′ such that Θ

a−→ Θ ′ and ∆ ′ ∼ d Θ ′.

Notice that, for any states s, t ∈ S, the following three statements are
equivalent:

(i) s ∼ s t;

(ii) ds (s, t) = 0;

(iii) [[ φ]](s) = [[ φ]](t) for any formula φ ∈ L S.

Similarly, for any subdistributions ∆ , Θ ∈ D sub(S), the following three
statements are equivalent:

(i) ∆ ∼ d Θ;

(ii) dd (∆ , Θ) = 0;

(iii) [[ ψ]](∆) = [[ ψ]](Θ) for any formula ψ ∈ L D∗ .

Although the state-based bisimilarity is widely accepted, there is no general
agreement on what is a good notion of distribution-based bisimilarity. In
the literature [ 29, 15, 24, 20, 23, 31], several variations of distribution-based
bisimulations have been proposed. Some of them are defined for pLTSs with
states labelled by atomic propositions. We adapt them to our setting so as
to compare them with ∼ d.

In a pLTS (S,L, −→ ), a transition goes from a state to a distribution,
e.g. s

a−→ ∆. In order to lift −→ to be a relation between distributions, e.g.
∆

a−→ Θ, usually we need to decide whether
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(i) to require all the states in the support of � to perform action a;

(ii) to combine transitions with the same label, which we explain below.

In [24, 20, 23] both (i) and (ii) are imposed, while in [31] and also in our
de�nition of � d (i) is not used. The condition (ii) is built in De�nition 4.1
but partially used in [ 31], as we will see in the sequel. Letf s a�! � i gi 2 I be
a collection of transitions, and f pi gi 2 I be a collection of probabilities withP

i 2 I pi = 1. Then s a�! C (
P

i 2 I pi � � i ) is called a combined transition [43].
Let us write � a�! C � if s a�! C � s for eachs 2 d� eand � =

P
s2d� e �( s) �� s.

Remark 6.1 An equivalent way of de�ning combined transitions is to use
De�nition 4.1. We have that s a�! C � i� s a�! � and j� j = 1 ; � a�! C � i�
� a�! � and j� j = j� j.

Note that a simple way of comparing subdistributions is to lift the
state-based bisimilarity and use the relation (� s)y. That relation can be
slightly weakened by using the combined transitiont a�! C � in place of
t a�! � in De�nition 6.2 to get a coarser notion of state-based bisimilarity
called strong probabilistic bisimulation in [43], written � 0

s, and then lifting
it to subdistributions to �nally obtain (� 0

s)y. This is essentially the relation
investigated in [29]. However, most distribution-based bisimilarities proposed
in the literature directly compare the transitions between (sub)distributions,
so there is no need of de�ning certain relations on states and then lift them
to subdistributions. Below we recall four typical proposals.

Firstly, we adapt the bisimulation of [ 24] to our setting. Let ( S; A; �! )
be a pLTS, we extend it to be a fully enabled pLTS (S? ; Act [ f?g ; �! ? )
according to De�nition 5.1.

De�nition 6.4 Let � 1� D (S? ) � D (S? ) be the largest symmetric relation
such that � � 1 � implies

1. �( S) = �( S),

2. for each a 2 A, whenever� a�! C � 0, there exists � 0 with � a�! C � 0

and � 0 � 1 � 0.

Secondly, we adapt the bisimulation in [29, 15] for subdistributions.

De�nition 6.5 Let � 2� D sub(S)�D sub(S) be the largest symmetric relation
such that � � 2 � implies, for all �nite sets of probabilities f pi j i 2 I g
satisfying

P
i 2 I pi � 1,
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