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Figure 2: Probabilistic systems

up action, which accrues a bene t of 3 units, followed by a down action, which accrues a bene t
of 1. The second machine performs the same actions but with bene ts 2 and 4 respectively. In
some sense ¢ iS an improvement on sp; intuitively ¢g can simulate the behaviour of sg but in so
doing accrue more bene ts; this is true even if one of its actions up is less bene cial than the
corresponding action of sg. The same is true for the machine wg; it can also simulate the behaviour
of sp, with more bene t, although in this case some internal weighted actions, denoted by T,
participate in the simulation and add to the accumulation of bene ts. In our terminology we will
write sg Vsim to, So Vsim uo. However we will have to &, ug because although ug can simulate
the behaviour of ¢y it accumulates less bene t.

Similar informal reasoning can also be applied to probabilistic systems. Consider the systems
in Figure 2. Here we have two kinds of nodes; the rst as in Figure 1 representing states of the
systems, and the second representing probability distributions. For example the rst system, from
state sq, can perform the up action with bene t 2 and a quarter of the time it ends up in a state
in which down can be performed with bene t only 1. But for the remaining three-quarters it ends
up in a state in which down can be performed for the larger bene t 3. The circular darkened node



Figure 3: Nondeterministic and probabilistic systems

represents a distribution of states, with its outgoing edges describing the associated probabilities.
Again intuitively we can see that s; is an improvement on sp because it can simulate sg and on
average accrue slightly more bene ts; in our theory we will have sg Vgim s1.

The mixture of probabilistic behaviour and internal actions introduces complications. Consider
the system ¢1 in Figure 2 which after performing an up action probabilistically decides internally
whether to perform a down action for bene t 1, or branch back to make another probabilistic choice.
However each time it reverts back it accumulates a non-zero bene t via the internal weighted action
71, albeit with diminishing probability. Nevertheless it will turn out that for our de nition of
simulation sg Vg, t1 and indeed s; Vgim t1.

Systems exhibiting both probabilistic and nondeterministic behaviour require more complicated
analysis. Consider the system in Figure 3. After performing the action up it nds itself either in
a state in which the action down will accrue the bene t 2, or 25% of the time there will be a
nondeterministic choice between it accruing either 1 or 6. In the literature there are numerous
mechanisms, such as policies, schedulers, adversaries, etc. [Put94, Seg95, RKNPO04] for resolving
such choices. Here one can see if this choice systematically leads to the lower bene t 1 then s,
will not simulate sg as it does not accrue su cient bene ts. This is a pessimistic outlook; an
optimistic outlook means that the best choices are systematically made. If this is assumed then we
will have sg Vg s2; in sz one execution of up followed by down will yield on average the bene t
1+3 2+1 6)=4

The main contribution of the paper is a coinductively de ned behavioural preorder Vv, between
MDPs based on simulations which validate the examples discussed informally above. We con ne
our attention to the optimistic approach to the resolution of nondeterministic choices, although as
future work we hope to investigate the pessimistic approach. We also show that this preorder is
compositional in the sense that it is preserved by structural operators for constructing MDPs from
components. The main operator is one for composing two MDPs in parallel. In P j @ the two
MPDs P and @ remain independent, execute in parallel and may communicate by synchronising
on complementary actions; these internal synchronisations accrue the combined bene ts of the
associated complementary actions.

For nitary convergent MDPs, which are nite-state and nitely branching systems without
divergence, we also provide two characterisations for the behavioural preorder Vg;,,. The rstis
in terms of a quantitative probabilistic logic L. In addition to the standard logical connectives



such as conjunction and maximal xed point this contains a novel quantitative possibility modality
hai (¢1,  ¢2), where p is some probability between 0 and 1. Intuitively this is satis ed by an MDP
which can accrue at least the bene t w by performing the action «, and subsequently satisfy the
probabilistic assertion ¢1, ¢2. It turns out that the simulation preorder is completely determined
by the logic L. Further evidence of the compatibility between the logic and the simulation relation
is the fact that every system P has a characteristic formula ¢(P) in the logic which captures its
behaviour; informally system @ can simulate P if and only if it satis es the characteristic formula
o(P).

Our second characterisation is in terms of a novel form of testing called bene ts testing. Intu-
itively a system P can be tested by running it in parallel with another testing system T, and seeing
the possible accrued bene ts. In the presence of nondeterminism the execution of the combined
system (T j P) will result in a non-empty set of bene ts, Bene ts(T' j P). Then systems P and Q
can be compared by comparing the associated bene t sets Bene ts(7'j P) and Bene ts(T'j Q)
where T ranges over some collection of possible tests. We show that the simulation preorder Vv,
is also determined in this manner by a suitable collection of tests 7.

The rest of this paper is organised as follows. Section 2 is devoted to an exposition of our model,
which we call weighted Markov Decision Processes, WMDPs. These correspond to the diagrams we
have been using informally in this introduction. The actions in a wMPD take the form s ¥,
where « is the label of the action, w its weight, or bene t, and a probability distribution which
determines the next state. Following [Seg95, Seg96, DvGHMO09], we make extensive use of the
generalisation of this next-step relation to actions from distributions to distributions, B |
Furthermore we are interested in weak theories, in which internal activity is not directly observable
So we generalise these actions to weak actions, of the form s =) and =)  respectively,
actions in which occurrences of internal actions, denoted by 7, may occur an arbitrary number
of times both before and after «. As have already been pointed out by many authors, [LSV07,
DvGHMO09], in a probabilistic setting we need to allow a potentially in nite number of internal
actions to occur, in the limit. We follow the formalisation of this idea suggested in [DvGHMOQ9]
based on (weighted) hyper-derivations. We outline properties of these hyper-derivations but their
proofs, being quite technical, are relegated to an appendix. One particularly signi cant property is
that the set of weak derivatives from a given state, although in general uncountable, in a nite-state
WMDP can be generated as the convex-closure of a nite number of derivatives. This is explained
in Section 2.4. The proof is very complex, relying on notions such as static policies and payo s
[DvGHMO09]. Consequently, again the details are relegated to an appendix.

Then, still in Section 2, we turn our attention to a subclass of wMDPs, called bounded wMDPs.
In an arbitrary wMDP if =),  then w may in general be in nite because of an inde nite
accumulation of weights during an in nite internal computation. In bounded wMDPs we are
guaranteed that such w’s will always be a nite real number. Such wMDPs are the main focus of
the paper, and their properties are studied in Section 2.5.

Section 3 is devoted to our notion of simulation, called amortised weighted simulation, based on
ideas from [KAKO5]. In the rst subsection we give the de nition and some examples. The formal
simulation preorder C is de ned coinductively but in Section 3.2 we show that in bounded wMDPs
it can also be de ned as the intersection of an in nite sequence of inductively de ned relations.
This result depends on compactness arguments, which we are able to employ in bounded wMDPs
because of the nite generability property alluded to above. Then in Section 3.3 we show that the



simulation preorder can be captured by a very simple modal logic, again if we restrict attention to
bounded wMDPs. This logic is quantitative in the sense that satisfying formulae depends to some
extent on the bene ts which a process can accrue. The logical characterisation in turn depends on
the approximation result from Section 3.2.

In Section 4 we o er another justi cation for our simulation based on testing [NH84]. Because
of the presence of weights or bene ts in wMDPs we are able to use a novel form of (may) testing
in which bene ts are accrued as tests are applied to processes; then processes can be compared in
terms of their ability to accumulate bene ts. In section 4.1 this idea, bene ts testing, is explained
in detail and we also show that it is preserved by the simulation preorder. More interesting is the
result, for bounded wMDPs, that the preorder is completely determined by these tests. This proof
requires a digression, in Section 4.2, into a more standard testing framework. Here we extend the
ideas on [Seg96, DvGMZ07] by developing a version of multi-success testing suitable for wMDPs.
In a non-trivial theorem we show that in bounded wMDPs both testing preorders, bene t-based
and multi-success, coincide. The interest in multi-success testing is that we can mimic the results
in [DVGHMO09] to show that this form of testing can be captured by the modal logic of the previous
section. Since we already know that the modal logic determines the simulation preorder we have
therefore also established the soundness and completeness of bene ts testing for the simulation
preorder.

Section 4 ends with a short discussion of another natural form of testing, expected bene ts testing,
in which the average weight of each path of a computation leading to a success is associated with
a test. By means of a simple example we show that the simulation preorder is not sound for this
form of testing.

2 Weighted Markov decision processes

2.1 Introduction

There is considerable variation in the literature in the formal de nition of a (labelled) Markov
decision process [RKNPO04, Put94]. For the purpose of this paper we use De nition 2.1.

We rst x somﬁ,notation. A (discrete) probability subdistribution over a set S is a function

;S 10, ]ﬂbwith s25 (8) 1, thesupport ofsucha isd e:=fs2S5j (s)>0g, andits
mass j jis o4 o (s). A subdistribution is a (total, or full) distribution if j j = 1. The point
distribution s assigns probability 1 to s and 0 to all other elements of S, so that dse = fsg. With
Dsub(S) we denote the set of subdistributions over S, and with D(S) its subset of full distributions.
For , 2 Dgyp(S) we write i (s) (s) forall s 2 S. P

Let f ,jk 2 Kg be a set of sub('i_iﬁtributions, pos.ggbly in nite. Then 5, & is the real-
valued functionin S ¥ Rde nedby ( ;55 #)(s) = ,2x &(s). Thisisa partial operation on
subdistributions because for some state s the sum of (s) might exceed 1. If the index setis nite,
say fl..ng, we often write 1+...+ . For p a real number from [0, 1] we use p to denote
the subdistribution given by (p  )(s) :=p  (s). Finally we use ¢ to denote the everywhere-zero
subdistribution that thus has empty support. These operations on subdistributions do not readily
adapt themselves to distgibutions; yet if =, pr = 1 for some collection of p, 0, and the  are
distributions, then sois 5, pr . Ingeneral when0 p lwewritexz, yforp z+(1 p) y
where that makes sense, so that for example 1, 2 is always de ned, and is full if ; and »



are.
For 2 Dgp(S) a@ f a function with domain S, we write Exp (f), the expected value of f
over 2 Dgyp(S), for 54 o (s) f(s). More generally supposlebf . Sk ¥ T, This is lifted to a

function fY : Dsup(S)* ¥ Dsup(T) by letting fY( 1,..., »)() = t=f(51,,5K) 1(s1) - k(sk)-
We will often abbreviate the lifted function fY to simply f.

De nition 2.1 [Weighted Markov decision process] A weighted Markov decision process or wMDP
is a 4-tuple hS,A, W, Xi where S is a set of states, A a set of actions, W a set of weights, and
* S A W D(S). We normally write s ¥, to mean (s,o,w, )2 1T.

In this paper we set W to be R ¢, the set of non-negative real numbers, and we assume A has the
structure Act, = Act [ frg where each « in Act has an inverse @ satisfying @ = a. We write s9O if
there is no w, suchthats ¥, . We also use the following terminology. A wMDP is

nite-state if S isa nite set;
nitely branching if for each s 2 S, the set f(o, w, )js M, gis nite;
nitary if it is both nite-state and nitely branching,

deterministic if from every s 2 S there is at most one outgoing transition.

In the Introduction we have used a straightforward graphical representation for wMDPs; a state

s is represented by a node while darkened circular nodes are used for distributions, and arrows
between nodes and distributions are annotated with their weights. Often a point distribution is
represented by the unique state in its support; see the rst series of examples with initial states
80, to and ug.

The simplest approach to discussing compositionality is, as in [Her02], to introduce a process
calculus-like syntax for wMDPs. Our calculus, called CCMDP, is based on CCS:

P = ay.( i2pi P)JjPjPjP+PjO0jPnajA (1)

The main operator is pre Xing, au,.( 21p; Pi).lgere o is taken from Act., w from R ¢, I is a

nite index set and p; are probabilities satisfying ., p; = 1. We also assume a set of de nitional
constants, ranged over by A, and we assume that each such A has a de nition associated with it,
a process term P4. We often write these de nitions as

A C Py

We will use the auxiliary operator jj, letting P jj @ stand for the process (P j Q)nAct.

Let P denote the set of all terms P de nable in this language. Intuitively, we view each such
term as describing a wMDP. Formally we describe one overarching wMDP where the states are
all terms in P and the weighted actions P ¥, are those which can be derived by the rules
in Figure 4; obvious symmetric counterparts to the rules (I-alt) (I-par) are omitted. In rule
(I-act) we use the obvious notation Dist(f (p;, P;) j i 2 Ig) for constructing a distribution from
the formal term ;o;p; P;. In rules (I-comm) and (I-par) we take advantage of the fact that
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Figure 4. Weighted actions

parallel composition can be viewed as a binary operator over process terms j: P P P, and
therefore can be lifted to distributions of processes as explained above: ¥: P P ¥ P. An
equivalent de nition is given by

1(P) 20 fQ=PjPR,
otherwise

(17 2@ = 0

and in the sequel we drop the annotation Y. The hiding operator is treated in a similar manner.

Note that all of the wMDPs described graphically in the Introduction can be described in
CCMDP. In the sequel we will not distinguish between the syntactic term P, its interpretation as a
state in the wMDP de ned in Figure 4, and the wMDP it induces by considering only those states,
that is process terms, accessible from it.

2.2 Lifted relations

In a wMDP actions are only performed by states, in that actions are given by relations from
states to distributions. But formal systems or processes in general correspond to distributions over
states, so in order to de ne what it means for a process to perform an action, we need to lift these
relations so that they also apply to distributions. In fact we will nd it convenient to lift them to
subdistributions.



We rst recall some standard terminology. For any subset X of R Dsub(S), with S a set,
E; 1.X, the convex closure of X, be the least set satisfying h», 12 IX if and onIyFi;‘ hr, 1=

jorDi Nri, i, where hr;, ;12 X and p; 2 [0,1], for some index set  such that ,;p; = 1.
We say a set X isconvex if IX = X. Let RbearelationinY (R o Dgp(5)). Itis

1. convex whenever the set thr, ijy Rhr, ig is convex for every y in Y; IR denotes the
smallest convex relation containing R

P P
2. linear whenever ; R, ;ifori2 7 implies ( ;pi ) R ( ;5ppi hry, i) for any
pi 2[0,1] (¢ 2 1) with 5, p; 1

P P
3. decomposable whenever ( .;p; ;) Rhw, iimplieshw, 1= ;p; hw;, ;i forsome
weights w; and subdistributions ; such that ; Rhw;, ;ifori2 1.

Note that if R is linear it is automatically convex.

De nition 2.2 Let R S (R o Dgup(5)) be a relation from states to pairs of weights and
subdistributions. Then R Dgyp(S) (R o Dsup(S)) is the smallest linear relation that satis es
sRhr, iimpliessRhr, i.

By construction R is both linear and convex. Moreover the lifting operation is monotonic, in that
R; R, implies Ry Ry. Also, because s (IR) impliesss R we have R = IR.
Finally note that if R itself is convex, we have that s R and s R are equivalent.

An application of this notion is when the relation is “¥ for a 2 Act,; in that case we also

write ¥ for ( “¥). Thus, as source of a relation “¥ we now also allow distributions, and even
subdistributions.

Lemma 2.3 Rhr, iifand only if

P _ _ P
1. = ,5;pi S, wherelisanindexsetand .;p; 1,

2. For each ¢ 2 I there is a pair hr;, ;isuchthats; Rhr;, i,
P
3.r=  opriand = 5pi .

Proof. Straightforward.

An important poinHmere is that a single state can be split into several pieces: that is, the decom-
position of into ., p; 5 is not unique.
The lifting operation has yet another characterisation, this time in terms of choice functions.

De nition 24 LetR S (R ¢ Dgp(S)) be a relation. Then f: S ¥ (R o Dgyp(5)) is a
choice function for R, written f 2 Ch(R), if s R f(s) for every s 2 dom(R).

Note that if f is a choice function of R then f behaves properly at each state s in the domain of
R, but for each state s outside the domain of R, the value f(s%) can be arbitrarily chosen.

Proposition 2.5 Suppose R S (R o Dsup(S)) is aconvex relation. Then forany 2 Dgyp(.5),
R hw, iifand only if there is some choice function f 2 Ch(R) such that hw, i=Exp (f).



E;oof. First suppose hw, 1 = Exp (f) for some choice function f 2 Ch(R), that is hw, i =
2d ¢ (8) f(s). 1t now follows from Lemma 2.3 that R hw, i since s R f(s) for each
s 2 dom(R).
Conversely suppose R hw, i; we have to nd a choice function f 2 Ch(R) such that
hw, 1=Exp (f). Applying Lemma 2.3 we know that

: P _ . P
(1) = ,o;pi 5 for someindex set I, with  5;p; 1

P
@i) hw, 1= ;p;i hw;, ;iforsomehw;, ;Iisatisfyings; Rhw;, ;i.
Now de ne the function f: S ¥ (R o Dgy(S)) as follows:
] P _ .
if s 2 d e then f(S) = f’iZIjSi:Sg(%) hwia iy
if s 2 dom(R)nd e then f(s) =hw’, Yiforanyhw!, YiwithsRhw' Ui
otherwise, f(s) =h0,ei, where ¢ is the empty subdistribution.

P
Note that if s 2d e then (s) = Fi2ljsi=sgPi and therefore by convexity s R f(s); so f is a
choice functig'l for R as s R f(s) for each s 2 dom(R). Moreover, a simple calculation shows that
Exp (f) = ,o;pi hw;, i, which by (ii) above is hw, i.

By De nition 2.2, a lifted relation is linear and convex; we now show that it is also decomposable.
Proposition 2.6 Let R Dgp(S) (R o Dsup(S)) be a relation. Then R is decomposable.

Proof. Let Rhw, iwhere = PiZI p; i. By Proposition 2.5, using that R = IR, there is
a choice function f 2 Ch(IR) such that hw, i=Exp (f). Take hw;, ;i:=Exp ,(f) fori2I.
Using thatd ;e d e, Proposition 2.5 yields ; Rhw;, ;i fori2 I. Finally,
X xX X X X
pi hw;, 1= p; i(s) f(s)= pi i(s) f(s)= (s) f(s)=
i2l 2 s2d e s2d e i2l s2d e
Exp (f)=hw, 1.
The converse to the above is not true in general: from R (Piszi hw;, ;1) it does not
follow that  can correspondingly be decomposed. For example, we have

1 — 1 —
@, = -l
ao.(bo.o% CQ.O) 5o 5 bo.0 + 5 .0,

yet a.(bo.03 co.0) cannot be written as $ 1+% ,suchthat ; “gbp.0and , Wgc.0.

In fact a simpli ed form of Proposition 2.6 holds for un-lifted relations, provided they are
convex:

P — P
Corollary 2.7 If ( ,5;pi 5) Rhw, 1andRisconvex, thenhw, 1= 5;p; hw;, ;i for
weights w; and subdistributions ; with s; R hw,;, ;i fori2 I.
P
Proof. Take ; to be 5; in Proposition 2.6, whence hw, 1= ., p; hw;, ;i for some weights

w; and subdistributions ; such that 5; R hw;, ;i for i 2 I. Because R is convex, we then have
S; R hwi, 3 i.



2.3 Hyper-derivations

As we have seen in the Introduction, when reasoning informally that ¢; can simulate sg, the limiting
behaviour of internal computations must be taken into account. We formalise this by extending the
approach originally given in [DVGHMO09]. By employing the lifting operation de ned in Section 2.2,
we now formally de ne weak actions performed by subdistributions.

De nition 2.8 [Hyper-derivations] A hyper-derivation consists of a collection of subdistributions

) /: , p»fork 0, with the following properties:

_ '
= ot o
v o7 v
0 Ywo 1+t 1
: 2
v v
k LY k1t i
K
0 =
k
k=0

o Pa —— : _ 0 _P1
Then we call = jZo  ahyper-derivative of , and write . ! where w = =0 Wi

to mean that can make a (weak) hyper-move to its derivative OFyvith weight w. Note that in
general w 2 R o [ f1Lg; that is there is no guarantee that the sum ,}:0 w; has a nite limit.

One question to answer is when can we ensure that this sum does indeed have a limit. This will
be studied in Section 2.5.

Example 2.9 Consider the wMDP with initial state ¢1 discussed in the Introduction. Then we
have the following hyper-derivation:

U = U+e
— - 3 — 1 —
| S R+>-D
u o g By
% R T!% % U+e
3 - 3, — 3.1 —
e 1 ¥ R+(5)> D
2 U 0 (4) R (4)4
35, — & 3, —
G R Tep (P U+te
3. = ' 3 3,1 —
> U 7'! 2\ (k+1) R+ YNk~ D
) o () @7
3 - . 3 _
PEP R Mg (PETD T+e

10



_ P — P
Thatis, U =), =y C)*G} D) where w = =, (3)*. However this weight evaluates to 3,
while the sum of the subdistributions is the full point distribution D. In other words U =)3 D.

De nition 2.10 [Weak actions] In a wMDP hS,Act-,R o, ¥i for , 2 Dgp(S) we write
=D whenever =y, ! T, "D, and w=wi +wp + ws.

We complete this subsection by enumerating some elementary properties of hyper-derivations;
their proofs are relegated to Appendix A.

Proposition 2.11
LI D, thenj | ji
2.1f =), andp2R gsuchthatjp j 1,thenp =D, p

3. (Binary decomposition) If + =), then =+ with =, ) ,
andv=v +v .
P

4, g__l,inearity) Let p; 2 [0,1] fo|5i 21 where .;p; 1. Then =).; foralli2 T implies
) ) —3 P ) )
21 Pi i =2 sapiwi) 2rPi i

- P P
5. (Decoigposablllty) SUppPose o Pi i =), , where p; 2 [0,1] and i2rPi 1. Then

w = opi w;and = ;p; ; for weights w; and subdistributions ; such that
i D, iforalli2],

Proof. See Appendix A.

With these results the relation =)  Dgyp(S) (R o Dsup(S)) can be obtained as the lifting
of a relation =) 5 from S to R g  Dgsup(S), which is de ned by writing s =) g hw, i just when

§=§w

Corollary 2.12 (=) 5)= ().

Proof. That (D) hw, iimplies =), isasimple application of Part 4 ngowed by Part
3 of Proposition 2.11. For the other direction, suppose =D, . G'E,en that = 4 . (5) 5,
||33al’t 5 of the same proposition enables us to decompose into ., . (s) s and w into

s2d e (8) ws, Wheres =Y. s foreach sind e. But the latter actually means that s =) g

hws, 41, and so by de nition this implies () s) hw, 1i.

Corollary 2.12 implies that the hyper-derivation relation =) is convex. It is trivial to check that
=) is also re exive because =) forany 2 Dgp(S). But transitivity is less obvious.

Theorem 2.13 [Transitivity of =)] If =, and =, then =)+,

Proof. See Appendix A.

11



2.4 Finite generability

We aim to establish that, for any subdistribution in a nitary wMDP where hyper-derivations
only yield nite weights, the set fhw, 'ij =), g can be generated by taking the convex
closure of a nite set of pairs fhwy, 11,...,hw,, ,ig. The proof is non-trivial and requires a
digression into the world of payo functions and policies.

Let us x a nite-state space S = fs1,...,s,g wWith n 1 and de ne an extended state space
S [fsog. This allows us to deal with vectors and in particular to use vector arithmetic. For example,
a subdistribution 2 Dgyp(.S) can be viewed as the n-dimensional vector h  (s1),..., (sp)1, and a
pair hw, i consisted of weight w and subdistribution  may be viewed as the (n + 1)-dimensional
vector hw, (s1),..., (sp)1 in some contexts.

De nition 2.14 [Weight functions] A weight function is a function w : S [ fsog ¥ [ 1,1] from
the extended state space into the real interval [-1,1].

This notion of weight function is not to be confused with the weights associated with actions in
a WMDP; instead they will be applied to the results of executing hyper-derivations. We often
consider a weight function as the (n + 1)-dimensional vector hw(sp), ..., W(s,) I. Therefore the the
result of applying the weight function w to hw, 1 is given by the inner product of the two vectors
w hw, Ii.

De nition 2.15 [Payo functions] Given a weight function w, the payo function P} .. :S ¥ R
is de ned by
Pmax(s) = supfw hw, Oijg =§w Ug

and we will generalise it to be of type Dy p(S) ¥ R by letting P, ( ) = o4 ¢ (5) Phax(s).

A priori these payo functions for a given state s are determined by its set of hyper-derivatives.
However they can also be calculated by using derivative policies, decision mechanisms for guiding
a computation through a wMDP.

De nition 2.16 A static (derivative) policy (SP) for a wMDP is a partial function pp: S—R ¢
D(S) such that if pp(s) =hw, ithens I,
If pp is unde ned at s, we write pp(s)". Otherwise, we write pp(s)#.

A derivative policy pp, as its name suggests, can be used to guide the derivation of a weak derivative.
Suppose 5 =), , using a derivation as given in De nition 2.8; for convenience we abbreviate

( 2+ ,)to * Thenwewrites=),,, Whenever o=73and, forallk 0,

. P )
@) hwi+1, rg+11= T 1(s) pp(s)js2d reand pp(s)#g

0 if pp(s)#
(b) () = 1(s) otherwise

We refer to 5 =) p.  as a hyper-SP-derivation from s. Intuitively the conditions mean that
the derivation of  from s, and the accumulation of weights, is guided at each stage by the policy
pp; the division of  into }, the subdistribution which will continue marching, and ,, the
subdistribution which will stop, is determined by the domain of the derivative policy pp.

12



Lemma 2.17 Let pp be derivative policy in a pLTS. Then
Q) 5Dy ands=Dppw thenv=wand =
(2) For every state s there exists some w, such that 5 =) pp.w

Proof. To prove part (1) consider the derivation of 5=)», ands =), asin De nition 2.8, via
the subdistributions 4, k!, p and g, k!, . respectively, and the weights vy, wy. Because
both derivations are guided by the same derivative policy pp it is easy to show by induction on &
that
— T _ —
k— k k — k E Tk Vi = Wk

from which = and v = w follow immediately.

To prove (2) generate subdistributions g, k' ,  and weights w;, for each £ 0 satisfying
the constraints q{.,De nition 2.8 by appllying (a) and (b) above to pp. The result will then follow
by letting be , , , andwtobe , jw.

The net e ect of this lemma is that a derivative policy pp determines a total function over
states. Moreover a policy can used as an alternative to the method used in De nition 2.15 to
calculate weighted payo s.

De nition 2.18 [Policy-following payo s] Given a weight function w, and static policy pp, the
policy-following payo function PPP% : S ¥ R1 js de ned by

PPPY(s) = w hw, i
where w, are determined uniquely by 5 =) pp,w

It should be clear that the use of derivative policies limits considerably the scope for calculating

weighted payo s. Each particular policy can only derive one weak derivative, and moreover in

nitary pLTS there are only a nite number of derivative policies. Nevertheless this limitation is
more apparent than real.

Theorem 2.19 Ina nitary wMDP, for any weight function w there exists a static policy pp such
that Py, = PPPW.

The proof of this theorem is non-trivial, requiring the use of discounted policies and payo s. It is
relegated to Appendix B.

Theorem 2.20 [Finite generability] Let pp4,...,pp,, (n 1) be all the static policies in a nitary
WMDP. Suppose Dy Jandpy < Lforalll i o If 5=, " then there are
probabilities p; forall 1 i nwith  [_ p;=1suchthathw, "i="I_ p; hw; !i

Proof. Let X be the convex closure of the nite set fhw;, gij 1 4 mng. Itsu ces to show
that whenever =), Ythenhw, Ui belongs to X. Suppose for a contradiction that hw, i is
not in X. Since X is convex, Cauchy closed and bounded, by the Hyperplane separation theorem,
Theorem 1.2.4 in [Mat02], hw, Ui can be separated from X by a hyperplane H whose normal can
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be scaled into [ 1,1] because we are in nitely many dimensions. The scaled normal induces a
weight function wy such that, for some ¢ 2 R, we have wy hw, i > cbutwy z < cforallz 2 X.
Then we have Pt () > ¢ but PPPi-WH( ) < cforall 0 ¢ n, contradicting Theorem 2.19.
Therefore, hw, i must be in X, and is a convex combination of fhw;, gij 1 i ng.

Remark 2.21 Itisimportant that in Theorem 2.20 the weight given by every static policy is nite.
Consider a WMDP consisted of two states sq, s, and two transitions s; 1357, s1 ¥157. It can
only have two static policies. The rst one, say ppq, is given by pp;(s1) = h1,521 and pp;(s2)".
The second one, say pp, is given by pp,(s1) = h1,571 and pp,(s2)". They determine two hyper-
derivations from si, namely 51 =) pp, 1 52 and 51 =) pp,,2 €. Now consider the hyper-derivation
51 =) 51. Clearly, h2,571i is not a convex combination of h1,5;i and h L, <.

Here the culprit is pp, which gives an in nite weight. In fact, the convex closure of the set
thl,521, h A, eig is unbounded, thus the Hyperplane separation theorem does not apply, and as a
matter of fact it is impossible to separate h2,3s7i from that set.

2.5 Bounded wMDPs

De nition 2.22 A bounded wMDP is a nitary wMDP such that if is a subdistribution over it
and
T! w1 1 T! w2 2 T! w3

Pi
then ;Z,w; < 1.

In other words, a bounded wMDP is a nitary wMDP that might diverge, but with bounded
weights.

In this section we give an alternative characterisation of boundedness (Theorem 2.27), followed by
a useful criteria which ensures boundedness (Theorem 2.29).

De nition 2.23 A wMDP is convergent if no state is wholly divergent, i.e. s =), ¢ for no state
s 2 S and weight w.

We will show that this condition is su cient to ensure that a nitary wMDP is bounded.

Lemma 2.24 Let be a subdistribution in a nite-state, convergent and deterministic wMDP.
If =), !then

1. wis a nite real number and

Oj_

2.] j=]
Proof. Since the wWMDP is convergent, then 5 =), ¢ for no state s 2 S and weight w. In other
words, each 7 sequence from a state s is nite and ends with a distribution ,, which cannot
enable a 7 transition.

— Ty Ty Ty Ty
5 Wy o1 W, o .. e 19
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In a deterministic WMDP, each state has at most one outgoing transition. So from each s there is
a unique 7 sequence with length n, 0. Let p, be ,_(s") where ' is any state in the support of
ne- WWe set
n = maxfnsjs2 59
p = minfp,js2 59
Note that since we are considering a nite-state wWMDP both n and p are well de ned. Now let
=) ., ! be any hyper-derivation constructed by a collection of /: , > Wk such that

- '
1 T_ OI N 0
o Yw 17+ 1
L Ty L]
k Yo pr1 Ve
withw = ;_yw,and "= ;_, ,. Fromeach g . withk,i2 N, the block of n steps of 7

transition leads to éﬂ)nﬂ such that j (3{+l)n+ij i 4@ p). It follows that
Pij L Pﬂlplj S
=0l 1= pipipd gl
pi=0 k=0) i@ p)
— n l: ¥1:1
- ol il
I
Since the wMDP is nite-state and deterministic, it is nitely branching. Therefore, there exists a
maximum weight wmax such that whenever s ¥, then v  wmax. It follows that
K X .. j 0! nUmax
w = w; J i JWmax —_—
i=0 =0
which means thaitbthe weight w is nite.
From above, j1=0j j iisbounded (by j g j%). Itfollows thatlimyxq =0, which in turn
means that j =] |j.

p

Example 2.25 In Lemma 2.24 it is important to require the wMDP to be convergent. In a

nite-state deterministic but divergent system, a hyper-derivation =), " may yield an in nite
weight w, even in the case that both  and { are full distributions. For example, consider a system
consisting of one state s together with a self  loop s ¥, 5. We construct a hyper-derivation as
follows.

5 = is+3s
1= 7 T4 (1 1y<
ES T! % §S + (g §)S
0 = g
P
So s makes a hyper-derivation to itself, but with weight ,}=2 % =1.
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Lemma 2.26 [Distillation of divergence - static case] In a nite-state WMDP if there is a hyper-
SP-derivation =), °, there exists subdistribution ! such that =), ( "+ 1), j j=
it gj, 0€=§w2 g, wy IS nite and wy + wy = w.

Proof. (Schema) We modify pp so as to obtain a static policy pp’ by setting pp’(s) = pp(s) except
when s =), ws € for some weight wg, in which case we set pp'(s) "'. Intuitively, for any state s
which can potentially leads to total divergence under policy pp, the new policy pp’ requires it to
stop marching at the very beginning. The new policy determines a unique hyper-SP-derivation
Doy " for some wy and ¥, and induces a sub-wMDP from the wMDP induced by pp.
Note that the sub-wMDP is deterministic, and convergent too because all divergent states in the
original wWMDP do not contribute any = move in the sub-wMDP. By Lemma 2.24, we know that w;
is niteandj j=j . Wesplit Yupinto P+ ¥so thateach stateind Yeiswholly divergent
under policy pp and  is supported by all other states. From ¢ the policy pp determines the
hyper-SP-derivation ¢ =) ppws € fOr some wp. Combining the two hyper-SP-derivations we have
D g P 0= w O
pplwi 1 € pp,w2 1
In the above analysis, we divide the original hyper-SP-derivation into two stages by letting the
subdistribution ¥ pause in the rst stage and then resume marching in the second stage. Note
that the two-staged hyper-SP-derivation consists of the same 7 transitions from the original hyper-
SP-derivation, which means that the overall weight and the nal subdistribution remain the same
as before, thus we have w; + w,; = w and 010 = 0

Theorem 2.27 A nitary wMDP is bounded if and only if for any subdistribution , =),
implies w is a nite real number.

Proof. () First consider a nitary wMDP where we are assured that for any hyper-derivation
from any distribution =), ’, the weight w is nite. It is straightforward to see that the wMDP
is bounded: if =), ¢, then by the hypothesis we know that w is nite.

(D) In a nitary wMDP, there are only nitely many static policies, say pp; for i 2 I where
I is a nite index set. For each pp, we have the unique hyper-SP-derivation =§ppi,wi i

By Lemma 2.26 there exists subdistribution !_such that =),,, ( '+ %), j j=j '+

"y L D, & wi is nite and w;y + wiz = w;. If the wMDP is bounded, then w;, is nite.
It follows that w; is also nite as it is the sum of two nite real numbers. Now we can apply
Theorem 2.20 to obtain that whenever =), ! then w is a convex combination of fw; j i 2 Ig

which must be nite.

This theorem enables us to generalise Lemma 2.26 to arbitrary hyper-derivations, provided we
restrict attention to bounded wMDPs.

Corollary 2.28 [Distillation of divergence - general case] In a bounded wWMDP if =), ?then
there exists subdistribution ! such that =), ( '+ 9,j j=j "+ Y, =, cand
wy, + w2 = w.

Proof. Let fpp,; ji 2 Ig (L isa nite index set) be all the static policies in the bounded wMDP. Each
policy determines a hyper-SP-derivation =) PPi, Wi ). By Theorem 2.27, we kEQW that w; < 1L

for all # 2 I. From Theorem 2.20 we know that if =), 'thenhw, Yi=" ;p; hw; Ui

7
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P
for some p; with = ,;p; =1and =), ! By Lemma 2.26, for each i 2 I, there is some

1
ospshthat Dye( 1+ 1), Fi b+ 1 1D, e and wi + wip = wi. Let
W1 = o PiWil, W2 = orPiWi2, = iorDi “w By Proposition 2.11(4), it can be seen that
D ( '+ Djj=j "+ L LDy, eand wi +wp = w.

3
Theorem 2.27 gives a useful property of bounded wMDPs, but there is a simpler criteria which
ensures boundedness.

Theorem 2.29 Every nitary and convergent wMDP is also bounded.

Proof. In a nitary and convergent WMDP, suppose  =»,, ' We show that the weight w is
nite. Let ppy,...,pp,, (n 1) be all the static policies in a nitary wMDP. Each static policy pp;
induces a deterministic sub-wMDP from the original wMDP, and determines a hyper-derivation
DD pp;wi | from . Clearly, the sub-wMDP is also convergent. By Lemma 2.24, we know that
w;<dandj j=j ;jforeachi. Suppose =D, U It follows from Theorem 2.20 that hw, Ui
is an interpolation of hwy, Yi,....hw,, Yi. Therefore, we havej j=j %jand w < 1.

The nal result of this section concerns closure with respect to parallel composition. This will
be useful in Section 4, where we de ne a testing preorder between processes (De nition 4.10).

Theorem 2.30 If P is a bounded wMDP and Q isa nite wMDP, then their parallel composition
P j Q is bounded.

Proof. (Schema) We use the simple syntax to represent nite wMDPs.
M X
Q= 0] p Qi hojwi@Q;
i2l i2l
where 0 igthe deadlock state, LiZI p; Q; represents a distribution that gives probability p; to state
Qi and 5 hag, w; 1.Q; is a state that can nondeterministically evolve into state Q; by performing

action a; with weight w;. We prove by induction on the size of Q that if P j Q =), ¢ then w is
nite.

Q 0. This is the base case. If P j0=),, ¢ then obviously we have P =), <. Since P is a
bounded wMDP, we know that w is nite.

L L . P
Q iorDi Qi- (P o0 Qi) =), &, thenwe have P j Q; =), cand w = 21 Pil;.
By induction hypothesis, each w; is nite. It follows that w is also nite.

Q Pith g, w; 1.Q;. Note that it is easy to see () generates a nitary wMDP. By The-
orem 2.20 it su ces to show that, for each static policy pp which determines the hyper-
SP-derivation P j Q =) op,w €, the weight w is nite, because the nite generability theo-
rem ensures that the weight of a general hyper-derivation is the convex combination of the
weights given by static policies. We prove this using a schema similar to that in the proof of
Lemma 2.26.

We call a state in the compound WMDP P j @ productive if it is in the form P’ j Q and
pp(P' j Q) = hw;, PY j Q;i for some : 2 I and P". That is, Q has participated in the
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transition P’ j Q@ W, P"j Q;. We modify pp so as to obtain a static policy pp’ by
setting pp'(s) = pp(s) except when s is productive, in which case we set pp’(s) . The
new policy determines a unique hyper-SP-derivation P j Q =) pp w1 for some w1 and

, and induces a sub-wMDP from the wMDP induced by pp. The subdistribution is in
the form P’ j Q because Q does not participate in any r-transition in order to derive
and there is a hyper-derivation in P such that P =), P'. Since P is bounded, we know
that w; is nite. We split up into 1+ » so that each state in d »e is productive
under policy pp and ; is supported by all other states, if there are any at all. From >
the policy pp determines the hyIBer-SP-derivation =) pp,we € fOr some wp. Then there
are some wps such that wp, = s 2(s) was and 5 =D p s € for each s 2 d e.
Since each state s in d e is productive, it must be in the form P; j @Q and make the
transitions P j Q@ "W g PYj Qi = ppuy € With wy + w) = wp,. By induction hypothesis,
the weight w"s is nite. Then wy, is nite because w; trivially is. It follows that w, is nite.
Combining the two hyper-SP-derivations P j Q@ =) pywy 1+ 2and 2 =)o, € We have
PiQ> pplws 1 ¥ 2 Dppuwr 1. As we only divide the original hyper-SP-derivation
into two stages, and does not change the 7 transition from each state, the overall weight and
the nal subdistribution will not change, thus we have w; +w, = w and 1 =¢. Since both
wy and wy, are shown to be nite, it follows that w is nite as well.

3 Amortised weighted simulations

3.1 Introduction

Here we assume some WMDP hS, Act-,R o, ¥i. Weighed simulations can be de ned either at the
distribution level or at the state level. We choose the latter.

De nition 3.1 Given arelation R S (R o D(9), let S(R) S (R o D(S)) be the
relation de ned by letting s S(R) hr, 1 whenever

s @, implies the existence of some w and ”such that =Y, "and Rhr+w v, i

The operator S( ) is monotonic and so it has a maximal xed point, which we denote by C. We
often write s C, forsChr, Tanduse Vg, tomean that there is some initial investment
r such that C,

The basic idea here is that s C,,  intuitively means that can simulate the actions of s but
with more bene t, or at least not less bene t. The parameter » should be viewed as compensation
which  has accumulated which can be used in local comparisons between the bene ts of individual
actions. Thus when we simulate s ¥, with =), {there are two possibilities:

(i) w > v; here the accumulated compensation is increased from r to » + (w  v). In subsequent
rounds this extra compensation may be used to successfully simulate a heavier action with a
lighter one.
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(i) w v; here the compensation is decreased fromr tor (v = w).

Finally it is important that » 0, and remains greater than or equal to zero, or otherwise the
presence of weights would have no e ect. Thus in case (ii) if (v w) > r then the simulation is not
successful.

We now show that with this formal de nition of the relation vg;,, the various statements
asserted in the Introduction are true:

Example 3.2 Consider the rst two systems, so and tg, viewed as WMDPs. Then the relation R
given by
R = f(so, hr,toi)jr 19 [ F(sq, hr,tgi)jr  Og

is a simulation. Thus sg C, ¢p for any » 1. As pointed out in [KAKO5] this example shows the
need for the parametrisation with respect to initial investments »; Because of the weights associated
with the action up an initial investment of at least one is required in order for ¢g to be able to match

S0.
We also have sg C, 57 for any » 1 because of the following simulation:
R = f(so, hr,st)jr 19 [ f(sq, hr, i)jr 0Og

where is the distribution 3 O+ 32 T. Note that this is indeed a simulation because dow, - 57
Incidently this example shows why it is necessary to relate states to distributions, rather than
states; there is no individual state accessible from s; which can simulate sg.

Similarly s; C, t; for every » 0 because of the simulation:

R = f(sy, hrf1i)jr 0g [ f(O, hr,Ui)jr Og [ f(T, hr,Ui)jr 0Og

Note that from Example 2.9 we have seen that U =) 3 D and therefore by transitivity U 2%, 7.
Finally sg C» s> because of the following simulation:

R = f(807 h’l“,ﬁi)j’l" Zg [ f(Sd, h?“, i)]’F og

where s the distribution 3 S+ 3 T. Note that do9. 55 although it is also possible for it to
do the down action for much less bene t.

Our rst result about the simulation preorder C is that its lifting C is a precongruence relation
for the language CCMDP.

Lemma 3.3 1.If =), 'then j =, 'j and j =, j "
2.1f m,. Yand W, Vthen j W, .. 050

Proof. Straightforward calculations.

Theorem 3.4 The relation C is a precongruence.
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Proof. It is easy to verify that C is closed under pre xing, nondeterministic choice, and hiding
operators. Here we only show that the closure under parallel composition is also preserved, namely,
if C, then( j )C,( j ). We rstconstruct the following relation

R:="f(sjt,hr, jti)jsC, g
and check that R C. Suppose that (sjt) R. ( jt).

Ifsjt @, jtbecause of the transitons ¥, ,then =Y, 'and C,+y » ' By
Lemma 3.3 we have jt=)», 'jt. Italsoholdsthat ( jt) Rysw »( 'jt).

Ifsjt @, sj because of the transitiont “¥, ,then jt ‘@, j and we have that

(si YR (C ]

Ifsjt ™, j because of the transitions s 0, andt W, with v =+ vy, then
=Dw, "and  Cpryy o ' By Lemma 3.3 we derive that  j¢ =D+, "j . Note
that r + (w1 +v2) (ui+wv))=r+wy oviand ( | )Ryww, o ( j ).

So we have shown that R is a simulation relation. It follows that C, implies( j )R, ( j ),
thus C j )G ( j ).

Example 3.5 Let P,Q be two processes with P Co Q. Consider the following processes:

U C To.(Tl.U% down1.Q))
P upz.(downl.P% downsz.P)

QO Upz.U

By the analysis in Example 2.9 we know that T =3 down1.Q, thus U %', Q. Then it is easy
to see that down;.P Co U and downs.P Cy Ui It follows from the compositionality of Co that
(downy.P 3 downs.P) Co U and furthermore P Cy Q.

Note that in De nition 3.1 for s C,.  to be true we only require that strong moves from s be
matched by weak moves from ; this restriction makes the proof of the congruence result, Theo-
rem 3.4, relatively straightforward. But later, in particular when giving a logical characterisation
of the simulation preorder, it will be useful to know that this transfer property is also true for weak
moves from s. We end this section with a proof of this result, which rst requires a lemma.

Lemma 3.6 Let and be two subdistributions in a bounded wMDP. Suppose T,  for some
r2R o. If M, "then =Y, 'forsomewand "suchthat "C,+, ,

Proof. Note that in the statement of the lemma both and are in general subdistributions.

Although the relations C, only relate states to full distributions, the lifted relations C, are relations

over subdistributions.

p Suppose  C,  gad 9, U By lesmma 2.3 there is an index set / such that (i) =

pi2r i S (i) r = oppiri, (i) = 5;pi 4o and (iv) s; C;  ; for each i+ 2 I with
21 Di 1. By the condition ‘@, 0 (i) and Proposition 2.6, there are some weights v;
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P P P
and subdistributions  } such that v = = 5 pivi, = ;p; ) and 5 W, S for each

12 1. I:I:_.%y Lemma 2.3 again, for each i 2 I, there is an index set J; such that v; = j2.; GijVig»

1= jont; gands; W, §oforeach j2 J;and 55 g = 1. By (iv) there is some
ij Z.7 L) v

"= 2125, Pi0:ij ;- By Proposition 2.11 the relation =) is Iir|1:ear, from which it follows that

=) is also linear for an arbitrary a. Igfollowgthat =" oipi o505 @« =Dw " By the
linearity of C, we conclude that "= (" 5;pi 25, ¢; 3) Cr+w v

Wy j a?:q . such that 7 zﬁwij and 0 Cri+wij Vij 0 Let w = i21,j2J; Piqij Wij and

Proposition 3.7 [Weak transfer property] Let s be a state and  a distribution in a bounded
WMDP such that s C,  for some r 2 R (. Suppose 5 =), ‘where !is again a distribution.

Then =), 'forsomewand 'suchthat 'C,iy , O

Proof. Before embarking on the proof rst note that we are assured that the matching ' in the
statement of the lemma is also a distribution. Using the characterisation in Lemma 2.3, it is easy to
check thatif Rhr, iforanyrelationR S (R o D(S))thenj j=j j. Since "Crsy o
and s a distribution it follows that ° must also be a distribution.
We give the proof in the case when « is 7; the case for a 2 Act follows from this in a straight-
forward manner. Suppose s C, ands=», ‘withj 'j=1. So t'gere are , o ar&g . for
0 1 o

k Osuchthats= o = 2+ ., ' W, k+1,0= L v and =0 k-

Since J + o =35 C, , by Proposition 2.6 we can make the decomposition = o+ o SO

that § C» 4 and C,x o for some rg ,ro with rd +ry =r. Since § ™, ;and
o Cr o,bylemma36wehave ¢ D, 1With 1Cuoww o) 1

Repeating the above procedure gives us inductively a series j, 1, , of subdistributions, for

. ] — — L

k0, and weights ;- ,r,, for k1, suchthat = o, C(rkiﬁwk w) ko k= 5t

’“!CI{; e ker; v §w p+1 and v +wp vy =71} +7r,.. We de ne

=" L, L w= Zjwpands =" L r_ . It follows from De nition 2.2 that "T, °.

Below we show that =), 'and=r+w wv.

By the transitivity of hyper-derivations, Theorem 2.13, it can be established that =) Pm wi
( '+ L, ,)foreachi 0. Sincej 'j= 1 we must have lim;s 1 j ;*j=0. Again using the
characterisation in Lemma 2.3 we know thatj LY _j Fj for each i. yerefore smce ! C»

’L ’

we thenave Ilml-ibj 2j=0. Thus, lim; 1( ki k) = = We also have
limies  , ,wp = k —, wr = w. In Appendix C speci cally in Corollary C.1, we show that the
set fho, ij =), giscompact. From this it follows that pﬁw 0, P P

By an easy inductive proof it can be seen that r = + | 1o+ vk pei Wi for
eacth) 0. Froig lim; » 1ij j=0and 'C, e Z.! it foIIows that lim; x4 ri! = 0. Therefore,
"= L oTkt & oUk kowk=r°+v w,ie. V=r+w o

This weak transfer property is easily generalised to distributions:

Corollary 3.8 Suppose C, forsomer 2R o, where , are two distributions in a bounded
wMDP. If =), ! where 'isalso a distribution, then there exists a distribution ? such that
:§w ! and ! Cr+w v 0-
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Proof. Combining Proposition 2.11 and Proposition 3.7.

3.2 In nite approximation

The simulation relations C, are de ned coinductively. But in bounded wMDPs they can also be
characterised inductively.

De nition 3.9 For every & 0 we de ne the relation C* S (R o D(S)) as follows:
() C'=S (Ro D(S)

(ii)) CF*1=s(Ch).

Finally we let C* be T,}:o Ck.

Standard arguments ensure that C,  CF for every & 0 and therefore that C, CL. The
converse is also true in bounded wMDPs, as we now demonstrate, using compactness arguments.
We note that the metric space (R o Dsup(S), d1) equipped with the distance function

di(tho, i1hw, 1)=max(fjw vjigLf (s) (8)] js25950)

is complete. Provided the set S is nite, the distance function on the space (S ¥ R ¢ Dgup(S5), d2)
given by dao(f, g) = maxsesdi(f(s), g(s)) is well-de ned, and the resulting metric space is also
complete.

Proposition 3.10 For any subdistribution  in a bounded WMDP the set fhw, ij =), Y
is closed.

Proof. See Appendix C; a more general result is given in Lemma C.6.

De nition 3.11 Arelation R S (R ¢ Dgun(5)) is closed (resp. bounded) if for every s 2 S
the set s R=fhw, ijsRhw, 1gisclosed (resp. bounded). It is compact if it is both closed
and bounded.

The main technical result we require is the following:
Proposition 3.12 In a bounded wMDP, for every k& 2 N, the relation C* is closed and convex.

Proof. Because of the style of argument required this proof is also relegated to Appendix C.

Before the main result of this section we need one more technical result.

Lemma 3.13 Let S be a nite set of states. Suppose R* S (R g Dgup(9)) is a sequence of
closed and convex relations such that R*D)  RF. Then it holds that

N\ RM) (\L, RM).
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Proof. Let RT denote (\L, R¥), and suppose R hw, i for every k 0. We have to show
that RThw, 1.

Since R* is closed and convex for each k, it follows that R% is also closed and convex. Moreover
it is easy to check that the set of choice functions Ch(R) is also closed. Therefore, Ch(R¥) for
each £ 2 N and Ch(R?1) are closed.

Now consider

G=Ff:S TR o Daun(S)jhw, 1=Exp (f)9g
which is easily seen to be a closed set. Consider the collection of closed sets H* = Ch(RF)\ G;
since  R*hw, i, Proposition 2.5 assures us that all of these are non-empty. Also H*+D gk

and therefore by the nite-intersection property [Lip65] \,}=0H’“ is also non-empty.

Let f be an arbitrary element of this intersection. For any state s 2 dom(R%), and for every
k 0, we have s 2 dom(R¥) because dom(R1) dom(R¥). Therefore, s R* f(s) as f 2 Ch(RF).
It follows that s R f(s). So f is a choice function for R1, f 2 Ch(R?Y). From Proposition 2.5 it
follows that RT Exp (f). But from the de nition of the G we know that hw, i=Exp (f),
and the required result follows.

Theorem 3.14 In a bounded wMDP, s C,  if and only if s C}

Proof. Since C C7litissu cient to show the opposite inclusion, which by de nition holds if Ct
is a simulation, viz. if CT  S(CT). Suppose s C1 , which means that s C*  for every & 0.
In order to show s S(C1),  we have to establish that if s ¥, Ythen =), !forsome °*
such that 'CT., ) "

For every k0 there exists some wy, § such that =), %and 'Ckg.,, . 5% Now

construct the sets
DF=fhw, %ij £, "and "Ckie, 4 ‘o
We now argue that each DF is a closed set.
To do so we rewrite it to a form which makes the fact that it is closed obvious. First de ne the
function E : Dgyp(S) (S ¥ R o Dgp(S) ¥ R ¢ Dgup(S) by E( , f) = Exp (f), which is
obviously continuous. It is also a closed function, meaning that the image of every closed set under

E is closed, because positive scaling and sum are operations that preserve closedness of functions.
Because of Proposition 2.5 it can be shown that

DF=( D)\G ! E(f ‘g Ch(CH),

where G(hw, "i) =hr+w v, 'i. Thus by Proposition 3.10 and Proposition 3.12 they are
closed. T
They are also non-empty and D**1  D¥. So by the nite-intersection property the set ;- , DF

is non-empty. For any hw, 'iinitwe know =), ‘and °CFy., , °foreveryk 0
that is 0(\,@'-:0 Crlrew v)) ’. By Proposition 3.12, the relations C* are all closed and convex.
Therefore, Lemma 3.13 may be applied to them, which enables us to conclude O@E(Hw v)
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3.3 Modal logic

As part of our argument in favour of amortised simulations for wWMDPs we show that it has asso-
ciated with it a natural property or modal logic. We show two results. The rstis that a nitary
version characterises the behavioural preorders C,. Secondly we show that with the addition of
xed points we can capture logically the behaviour of any state. Both results are restricted to

bounded wMDPs.

Here we develop a modal logic which characterises the relations C in an arbitrary wMDP,
and thus C,. in bounded wMDPs.

Let L be the set of modal formulae de ned inductively as follows:

tt2 L
hai (¢1, @2) 2L when ¢; 2L, a 2 Act,, w2 R ¢and p 2 [0, 1]
$1 ™2 2 L when ¢1, ¢2 2L

Let Con denote the set of all pairs hr, i, called con gurations, where » 2 R g and 2 D(S),
with S denoting the state space of some wMDP. Intuitively this represents a probabilistic system
which has accumulated compensation » which it can use to satisfy formulae in the future. The
satisfaction relation = Con L is now given by:

(i) hr, i = tt for every con guration
(i) hr, 1= ¢1 ™2 Whenever hr, i F=¢pand hr, i ¢o

(i) hr, i hai (41, ¢2) whenever Do Lh+w v, li=hg, i, hrp, i, and
hri, 3= ¢
LetL(r, )=Ffo2L jhr, 1F¢Q.

The idea here is that hr, i represents a process which has built up compensation r which it
can use to help satisfy a formula. The principal formula is hai ¢ which represents the ability to do
an « action with bene t at least v and then satisfy ¢. In (iii) above when this is satis ed by hr, i
because =), ! there are two possibilities:

(i) v > w: here the compensation comes into play. The action may be accepted despite being
too heavy but the compensation is reduced from r to » (v  w); note this is only possible if
thissumr (v w) O.

(i) v w: The action is accepted and the compensation is increased from » to » + (w  v).

For conlv_enience of presentation, we generalise binary probabilistic choice to be n-ary and often
write hai 5, p; ¢; for nite index set 1. It is easy to see that, for instance,
M
hr, 1 hozIWA 1 3pi ¢; ifandonly if hr, 1 hai (é1,, (hTIO(gbzl%l 3)))
1=1..
for any con guration hr, 1.
The modal logic L has a limited number of operators, and for this reason the satisfaction relation
is in some sense impervious to hyper-derivations:
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Lemma 3.15 Suppose =), "andr+w 7. Thenh’ i ¢ implieshr, i 6.

Proof

. By structural induction on ¢.

Proposition 3.16 Suppose in a bounded WMDP that T, . Thenforevery¢2L,hr , i1 FE¢
implies hr  +7r, 1 ¢.

Proof

. By structural induction on ¢.

¢ tt. This case is trivial.
¢ ¢1”™ ¢2 2 L we appeal to induction hypothesis directly.

¢ hai(pr, ¢2). Suppose hr , i = ¢. This means =), ' hr +v ¢ li =
hre, Si, hrp, %i, and hry, i = ¢ for i = 1,2. Note that by the de nition of the
satisfaction relation = we know that , "2 D(S),i.e.j j=]j 'j=1. In a bounded wMDP
we know from Corollary 3.8 that C, also satis es the transfer property for weak moves and
therefore =), 'such that 'C,, , ' By Proposition 2.6, hr +w v, i =
hty, i, hty, Sisothat ! C, ! fori = 1,2. By induction hypothesis, we have
hr; +t;, i = ¢; for i = 1,2. Since

(rn+t), (r2+t2) = (@ +v J+(@+w v) =@ +r)+tw c

it follows that hr +r, i ¢.

Theorem 3.17 In a bounded wMDP, L(0,3) L(r, ) impliessC,

Proof
for C
5 Ck,

. Since we assume the wMDP is bounded, by Theorem 3.14 it is su cient to prove the result

1 rather than C. Thus we have to show that for every & 0, L(0,5) L(r, ) implies
. This will follow immediately if for every state s and every index k& we can construct the

k-th characteristic formulae ¢% satisfying:
(a) ho,si = ¢
(b) hr, i ¢F implies s CF

The construction is by induction on k:
(i) ¢ =1t
V
(i) oV =", hai,

|
(i) ¢ = 50 ¢ (5) oL
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The proof that properties (a) and (b) are satis ed proceeds by induction on k, with the case
k = 0 being trivial. As an example of the inductive case we rst show hr, 1 E ¢g’f+1> implies
s C7(~k+1) .

So let us assume hr, i qb(kﬂ). Let s ¥, be an arbitrary move from s; because of
the construction of the characteristic formula \A_l:(‘é have that hr, 1 F hai qbk By de nition this

means =%, ', whereh(r+w ), "i=" 4. () hrs, Yiandhrg, lijE ¢F. At this
point we invoke induction to obtain s Ck " from which it follows by the de nition of lifting that
Ck_ = U Therefore, we have veri ed that s c¢*D

(r+w v)

As an immediate corollary we have a logical characterisation of our simulation preorder.
Corollary 3.18 In a bounded wMDP, s C,. if and only if L(0,5) L(r, ).

Proof. Combining Proposition 3.16 and Theorem 3.17.

We now turn our attention to characteristic formulae. To this end we extend the modal
logic L with a xed point operator.

Let Var be a countable set of variables. We de ne a set L;;, of modal formulae by the following
grammar:

¢ = ttjhai (d1, ¢2) )1 P2 )X jmax X.¢

where o 2 Act, w\; R o and p 2 [0,1]. Sometimes we also use the nite conjunction ViZI o;.
As usual, we have 5. ¢; =tt. The xed point operator max X binds the variable X. We apply
the usual terminology of free and bound variables in a formula and write fv(¢) for the set of free
variables in ¢.

We use environments, which binds free variables to sets of distributions, in order to give seman-
tics to formulae. We x a bound wMDP and let S be its state set. Let

Env=Ffpjp:Var ® P(R ¢ D(S))g

be the set of all environments and ranged over by p. Foraset V- R o D(S) and a variable
X 2 Var, we write p[X A V] for the environment that maps X to V and Y to p(Y) forall Y & X.

The semantics of a formula ¢ can be given as the set of con gurations satisfying it. This entails
a semantic functional [ ] : L¢ix ¥ Env ¥ P(R o D(S)) de ned inductively in Figure 5. As the
meaning of a closed formula ¢ does not depend on the environment, we write [¢] for [¢], where p
is an arbitrary environment.

The semantics of the xed point logic is similar to that of the modal mu-calculus [Koz83], but
formulae are now satis ed by con gurations. The characterisation of greatest xed point formula
max X.¢ follows from the well-known Knaster-Tarski xed point theorem [Tar55].

We shall consider (closed) equation systems of formulae of the form

E: X1 = ¢

Xn = on

26



[ttl, = R o D(5)
[p1 ™ ¢2], = [o1], \[o2],
i (¢1, ¢2)], = fhr, i2R o D(S)j9 °: =), 'and
hr+w v, Yi=hry, 10, hrp, 21 withhr;, i1 2[¢i,9
IX], = &X)
[max X.9], = fV. Ro D)jV [9xav9

Figure 5: Semantics of the xed point logic

where X1, ..., X, are mutually distinct variables and ¢4, ..., ¢,, are formulae having at most X1, ..., X,
as free variables. Here F can be viewed as a function F : Var ¥ L¢;, de ned by F(X;) = ¢; for
i=1,..,nand E(Y) =Y for other variables Y 2 Var.

An environment p is a solution of an equation system E'if 8: : p(X;) = [¢;],. The existence of
solutions for an equation system can be seen from the following arguments. The set Env, which
includes all candidates for solutions, together with the partial order de ned by

p pi 8X2Var:p(X) p(X)

forms a complete lattice. The equation functional E : Env ¥ Env given in the A-calculus notation
by
E = A AX[E(X)],

is monotonic. Thus, the Knaster-Tarski xed point theorem guarantees existence of solutions, and
the largest solution

G -
pe= Tpjp E(p)g.

We rst observe that Proposition 3.16 can be generalised to this xed point logic Ls;y.
Let f: L ¥ L be a monotonic function over a complete lattice L. For every ordinal A de ne

A by:
% =>,, where > is the greatest element of the lattice
=10
if X is a limit ordinal let f* =[ff%j 3 < Ag.
Theorem 3.19 [Tarski] There exists an ordinal A such that f* is the greatest xed point of f.

A subset C of Con is upper-closed (UC) ifhr , 12 Cand ©C, implieshr +7r 12C.
An environment p is UC if p(X) is UC for every variable X 2 Var.

Theorem 3.20 If p is UC then so is [¢] , for every formula ¢ 2 Lyx.

Proof. We proceed by structural induction on the formula ¢. The case for hairqﬁ0 is similar to the
proof in Proposition 3.16. All other cases are straightforward except for the greast xed point.

Let » = max X.4'. Note that by structural induction we can assume that the result holds for
#'. For every ordinal A we de ne the set C* as follows:
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(i) C°=R ¢ D(9)
(i) M =[¢" xac
T
(iii) C* = FCPjpB < Agif \is a limit ordinal.

By Tarski’s theorem there is some ordinal A such that C* = [¢],. Soitissu cient to prove, by
induction over the ordinals, that C* is UC for every \.

Case (i) is trivial. Case (ii) follows by structural induction, since by the inner induction the
environment p[z @ C*] is UC. Case (iii) is trivial since the collection of UC sets are closed under
intersection.

Corollary 3.21 Suppose in a bounded wMDP that C, . Then for every closed formula
¢ 2 Lsix, ir ;12 ][¢] implies hr +r, 12 ][¢].

Let Lsix(r, ) = o 2 Lsix ] (@) = ; ~hr, 1 FE ¢g. Then we have the extension of
Corollary 3.18 from L t0 Lgiy.

Corollary 3.22 In a bounded wMDP, s C,. if and only if Lfix(0,3) Lsix(r, ).
Proof. It follows from Corollary 3.21 and Theorem 3.17.

Below we characterise the behaviour of a process by an equation system of modaLformuIae.
To do so it will be convenient to use a generalised modality operator of the form hai 5, pi &

where [ is a nite index set I. The satisfaction relation can be extended to these formulae so that
they become derived operators in the language Lsix, as we did in L.

De nition 3.23 Given a bounded wMDP, its characteristic equation system consists of one equa-
tion for each state s1,...,5, 2 S.
E: X, = ¢s

XSn = ¢8n
where ~

¢s = hai X (©))
_ L
with X = 5 . () X,

Theorem 3.24 Suppose F is a characteristic equation system. Then s C,. ifandonlyifhr, i2
pE(Xs)'

Proof. () Let Ri=f(s,hr, 1) jhr, i2pg(Xs)g. We rst show that

hr, 12[X ] _ implies Rhr, i 4)

PE
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Bt = Lizﬂ% 5, then X = L¢21Pi X Suppose hr, 12[X ], . We have thathr, i=
iorDi hry, siand, foralli2 1, hr;, ;i 2 [Xsilpe s i.e. s; Rhr;, ;i. Itfollowsthat Rhr, i.
Now we show that R is an amortised weighted simulation. Suppose s Rhr, iands ¥,
Then hr, i 2 pp(Xs) = [¢s],.. It follows from (3) that hr, 1 2 [hai X ],_. So there exists
some 'suchthat =), "andhr+w v, "i2[X ]

e - NOw we apply (4).
(D) We de ne the environment p by

p(Xs) =Ffhr, 1jsC, 0.
It su ces to show that p is a post- xed point of E, i.e.

p E(p) ®)

because in that case we have p  pg, thus s Chr, iimplieshr, 12 p(Xs) which in turn implies
hr, 12 pr(Xs).
We rst show that
Chr, iimplieshr, 12[X ], (6)

Suppose  Chr, i. Then we have that (i) = Pmpi s, (i) hr, 1= Pmpl- hry, 1, (iii)
s; C hry, Ii_i for all ¢ 2 1. We know from (iii) that hr;, ;i 2 [X,],. Using (ii) we have that
hr, 12[  5rpi Xsl,. Using (i) we obtainhr, 12[X ],

Now we are in a position to show (5). Suppose hr, i 2 p(X;). We must prove that hr, 12

e

[¢s], 1.e. N
he, i2 hai, X 1,
s B,
by (3).
We assume that s @, . Since s C, , there exists some °such that =), and

Chr+w v, "i.By(6),wegethr+w v, "i2[X ], Itfollowsthathr, i2[hai X ],

So far we know how to construct the characteristic equation system for a bounded wMDP. As
introduced in [MO98], the three transformation rules in Figure 6 can be used to obtain from an
equation system E a formula whose interpretation coincides with the interpretation of X in the
greatest solution of E. The formula thus obtained from a characteristic equation system is called
a characteristic formula.

Theorem 3.25 Given a characteristic equation system F, there is a characteristic formula ¢, such
that pp(X;) = [¢s] for any state s.

The above theorem, together with Theorem 3.24, gives rise to the following corollary.

Corollary 3.26 For each state s in a bounded wMDP, there is a characteristic formula ¢, such
that sChr, 11 hr, 12[¢s].
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1. Rulel: F

F
2. Rule2: EY @G
3. Rule3: E Y Hif X,, 8 (g1, ..., dn)

E: Xy = ¢ F: X1 = ¢ G:X1 = ¢1[on/X0] H:Xy = ¢
Xn 1 : ¢n 1 Xn 1 : QZ)n 1 Xn 1 : ¢n 1[¢n/Xn] Xn 1 : ¢n 1
Xn = On X, = max X,.¢, Xn = On

Figure 6: Transformation rules

4 Testing

4.1 Bene ts testing

Standard theories of testing involve the idea of applying tests to processes and seeing if the result
is a success. With the presence of weights on wMDPs we have a more elementary way of testing;
we run a test in parallel with the process being tested and calculate the possible bene ts which can
be accrued. Then two wMDPs can be compared via the resulting sets of possible bene ts.

De nition 4.1 A wMDP of the form hS, frg, W, i is referred to as a (weighted) computation
structure.

An arbitrary wMDP can be viewed as a weighted computation structure by ignoring all the actions
s M, otherthans ™, :indeed weighted computation structures correspond more or less
directly with the more standard notion of Markov decision processes. Here we are interested in the
computation structures generated by wMDPs of the form

[P] i [T]

where P is a wMDP which we wish to investigate and 7" is a nite wMDP, representing the
investigation. The question now is how do we associate a set of possible rewards with a distribution
over the set of states of a weighted computation structure?

Consider the simple fully probabilistic wMDP in Figure 7(a), which results from running the
test 7' = up,.downy. 0 in parallel with the system s; from the Introduction. Formally this is the
sub-wMDP of the wMDP (31 j T) obtained by concentrating on the internal actions r,, which is
just the wMDP represented by (51 j T)nAct that we denote by 57 jj 1. Every time the experiment
runs we get the initial bene t 3; three-quarters of the time we also get the bene t 7 while a quarter
of time we get 5. So the total bene tis

3 1
3+-—- 7+ - 5=95.
4 4
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Figure 7: Testing systems

In the presence of nondeterminism there will in general be a set of possible bene ts, depending
on the way in which the nondeterminism is resolved. Traditionally this resolution is expressed in
terms of a scheduler, or adversary, which for each state decides which of its successors is chosen
for execution, with the resulting set of bene ts consequently depending on the choice of scheduler.
Here we take a more abstract approach, following [DvGHMO09], and essentially allow arbitrary
schedulers.

De nition 4.2 [Extreme derivatives] For any  in a computation structure we write =)
if

=Y. ,thatis isa hyper-derivative of

is stable, that is sO for every sind e.

We say is an extreme derivative of , with weight w.

Intuitively every extreme derivation =) ,, represents a computation from the initial distribu-
tion  guided by some implicit scheduler. For example, consider the hyper-derivation:

_ v
= ot o
v v
0 Ywo 1+t 1
: @)
v 7 '
k L k1t g
XK
= k
k=0

P
where w =, ,wy. Initially, since  is stable, ¢ contains (in its support) all states which can
proceed with the computation. The implicit scheduler decides for each of these states which step

L Ty

to take, cumulating in the rstmove, § ®,, { + ;. Atanarbitrarystage ' contains all
states which can continue; the scheduler decides which step to take for each individual state and the

| | Ty

overall result of the schedulers decision for this stage is captured in thestep [} W, 2+ ...
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Example 4.3 Referring to Figure 7(a) it is easy to see that s has a unique (degenerate) extreme
derivative, 51 =) g5 (%57 + %5), intuitively representing the unique weighted computation from
51. However, consider the wMDP in Figure 7(b), in which there is a nondeterministic choice from
state t,; here the extreme derivatives generated from ¢, and their associated weights, will depend
on the choices made during the computation by the implicit scheduler.

First suppose that the scheduler uses the static policy which maps ¢, to h12,¢4i. Then it is easy
to see that the generated extreme derivative, which is degenerate, is t =) 1 (%E+ %E). However
using the static policy which maps ¢, to h4,¢i we generate, using (7), a non-degenerate extreme
derivative; after some calculations this can be seen to be {1 =) 24 ts.

However there are many other possible implicit schedulers, for example at di erent times in
the computations employing either of these static policies, or even choosing nondeterministically
between them. But these are the only static policies and therefore we know from Theorem 2.20
that if &4 =) ,, then w must take the formp 12+ (1 p) 24 forsome O p 1. That is the
set of bene ts which can be generated from ¢; is f24 12 pj0 p 1g.

De nition 4.4 In a wMDP, for any 2 D(S5), let

Bene ts( )=fw2Wj =)» , ,forsome 2 Dgp(S)g.

Note that in general Bene ts( ) may contain 1, although by Theorem 2.27 this cannot be the
case if the wMDP is bounded.
We compare Bene t sets as follows:

B1 |, B2 if for every r1 2 B there exists some 7, 2 B, such that 1 7 + ra.

De nition 4.5 [May testing] For any two distributions , we write  wvp,,,  if for every nite
(testing) process 7', Bene ts( jj7) |, Bene ts( jj 7). We write V.,  to mean that
there is some r 2 R o such that vy,

This interpretation of processes is inherently optimistic;  Vp,,,  means that, given the investment
r, every possible bene t produced by can in principle be improved upon by . Note that if we
con ne ourselves to bounded wMDPs then by Theorem 2.27 and Theorem 2.30 no bene ts set used
in this de nition will contain 1.

Our rst result shows that simulations can be used as a sound proof technique for this semantics.
In order to prove that result, we need the following technical lemmas.

Lemma 4.6 Let , be two distributions in a bounded wMDP. Suppose C, for some
r2R o. If =,ethen =, 'forsome 'suchthatr+w v O,

Proof. If =), ¢ then there is a sequence of T transitions

T Ty r
!Ul 1 !vz 2 !v3
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P . . . , :
such that . ; v, =wv. Since C, , it can be shown by induction on 7 that there are weights
w; and subdistributions ; with

=§ (Plgkgi wk) i
i Cerat

1<k<i Wk 1<k<iVk) 1

for all # 1. The compactness arguments in Applgpdix C (Corollary C.l)lgnsures that the set
fiw', Yij =D, ‘gisclosed. Asthe sequence f | , ,wigL, haslimit =, | wy, there exists

- - - 0 3 P 0 - .
§ame subdlstrllgutlon such that =) o1 - SINS for each 7 1, we have that r +
1k i Wk 1 % Uk 0. Itfollows that r + , ;wy g 1V O

Lemma 4.7 Let , be two distributions in a bounded computation structure. If C,.  then
Bene ts( ) [, Bene ts( ).

Proof. For any v 2 Bene ts( ), there is some subdistribution ®such that =) , ' By
Corollary 2.28 there is some subdistribution ® such that =), ( '+ ), j j=j "+ 1,
" =5, ¢ and vy + v; = v. By Corollary 3.8 there is some ¥ such that =»,, " and
( "+ Y)Y Civw, »n % By Proposition 2.6 we can decompose ¥ such that ¥ = 0+

'c, % ', Y and
rm+rpy=r+w 0. 8)

By Lemma 4.6 there is some ¥ such that ! =),, ¥%and
ro+wy wvp 0. 9

By the transitivity of hyper-derivations, Theorem 2.13, we obtain that =) 4w, '+ 2 It
follows that there is some extreme derivation =) ,, ™ for some w, ™ with

w  wp t w;. (10)
By (8), (9) and (10) we derive that
w (ri+ry r+uv)+(w2 m™m)=v r+r; v T

Therefore, we have found some w 2 Bene ts( ) with v r + w. Since this holds for any
v 2 Bene ts( ), we have that Bene ts( ) |,, Bene ts( ).

Theorem 4.8 [Soundness] In a bounded wWMDP, P C,. @ implies P Vi, Q.

Proof. For any nite test 7', we can infer that

PC,Q
D (PiiDHC. Qi1 by Theorem 3.4
D) Bene ts(PjjT) {,Bene ts(QjjT) by Lemma 4.7
> PV Q by de nition

In the next section we will see a partial converse to this result, in Corollary 4.13.
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4.2 Success based testing

We follow our earlier approach [DvGHMO09] of testing nondeterministic and probabilistic processes.
A test is simply a process from the language CCMDP except that it may use special actions for
reporting success. Thus we assume a countable set  of fresh success actions not already in Act.;
intuitively each w in  can be viewed as a particular way in which success can be achieved. We call
CCMDP the language CCMDP extended with the new actions in . Its operational semantics is
as in Figure 4 except that the rules (L-ALT) and (L-PAR) are modi ed as follows, where « ranges
over Act,.

(1-alt1)
P Y,0Q PO forall w2
P+P 9,Q

(1-alt2)

P 4,0 POforalld2 nfwg
P+P 1,Q

(1-parl)
P Y,0Q PO forall w2

PijP, W,QjP,

(1-par2)

P 4,0 POforalld2 nfwg
PijP, U, Q)P

These rules guarantee that if a process P can report success via action w, i.e. P “¥,,  for some
w and , then no other actions are enabled at P { neither a normal action in Act, nor another
success action in is allowed. For this reason, we say that the wMDPs generated by the processes
in CCMDP are w-respecting.

De nition 4.9 Let 2 Dgyp(S), e write Success( ) for the function (viewed as a vector) in
[0,1] such that Success( )(w)= F (s)js2d eands “Tg. We let

Outcomes( ) = fhw,Success( )ij =) , forsome 2 Dgyp(S)g

Thus, intuitively, Outcomes( ) tabulates the rewards associated with vectors of successes, each
particular vector obtained by an execution to completion of

Let B1,B, 2R o [0,1] . We write By |}, B if for each hrq, f11 2 By there exists some
hra, fo12 By such that 1 r+ 1y and fi(w) fo(w) for all w 2

De nition 4.10 [Multi-success testing] For any two processes P, Q we write P V., @ if for
every nite (testing) process 7', Outcomes(P jjT) |, Outcomes(Q jj T').
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Theorem 4.11 [Multi-success testing coincides with bene ts testing] For anyr 2 R ¢ and two
processed?; Q whose operational semantics only give rise to bounded wMDPs,

PV:nmayQ i PV:nayQ:

Proof. The general schema of the proof follows from [DvGMZ07] where it is shown that multi-
success testing coincides with uni-success testing for nitary probabilistic automat.

We rst de ne the function Outcomes °which is the same asOutcomes except that we allow
any derivation instead of just extreme derivations.

Outcomes Y )= fhw;Success() ij =) w forsome 2 Dgu(S)g

We claim that Outcomes °satis es the next two properties.

1. For any 2 Dgup(S), we have Outcomes () Em Outcomes ) and also conversely
Outcomes ) ¢, Outcomes ().

2. Forany 2 Dgp(S) in a bounded wMDP, the set Outcomes 4 ) is compact and convex.

For the rst claim, we observe that Outcomes () Outcomes { ) from which it follows that
Outcomes () E'O Outcomes Y ). Since the wMDPs that we are considering are \ ! -respecting",
we have that if state s can enable a -action then Success(S) = 0 where0 is the empty vector
with ©(' ) =0 forall ! 2 . It follows that =)  Oimplies Success() Success( 9. So
if =), then =) ;, Ofor some extreme derivation © ie. =) .4, © such that
Success()  Success( 9. Hence, it is easy to show thatOutcomes ) 9, Outcomes ().

For the second claim, we use the fact that the functionSuccess is continuous. Let Fsyccess b€
the function given by

Fsuccess (W; ) = hw; Success() i

which is also continuous. Again we appeal to the arguments in Appendix C (speci cally Corol-
lary C.1) which guarantees that the setthw; ij =)  forsome 2 Dgy(S)gis compactand
convex. Its image underFsyccess , i-e. Outcomes ), is also compact and easily seen to be convex.

With these two properties at hand, we are ready to prove thatP v, Q i P Vi, Q. The
only if direction is straightforward, so we focus on theif
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Lemma B.12 Suppose 5 =), with hw, "i = Lchw,;, , i for some properly related
and some w; with wg = 0. Let féjgjlzo be a nondecreasing sequence of discount factors converging
to 1. Then for any weight function w it holds that

w hw, 'i = lim (6w hw;, ).

i=0
Proof. We have three cases. If w = 1 and w(sg) > 0, then it is easy to see that both sides of
the equation are equal to 1. Similarly, if w = 1 and w(sg) < 0, both sides are equal to 1.
Otherwise, jw hw, Yij < A and we proceed as follows.

Let f:N N ¥ R be the function de ned by f(i,5) = (§;)'(w huw;,
satis es the four conditions in Proposition D.2.

i). We check that f

i

1. f satis es condition C1. For all i,j1,752 2 N, if j1  j2 then (§;,)"  (65,)°. It follows that
ifG i = 16w hwi, D J0R) W hw, D = G520
2. f satis es condition C2. For any i 2 N, we have
jli!mljf(i,j)j = jli!rnlj(éj)l(w hw;, ; Dj = jw hw;, , ij (30)

P

3. f satis es condition C3. For any n 2 N, the partial sum S, = = "_ lim;x 1 jf(i,7)j is
bounded because P, . o
pi=o liM;jx 1 jf (i, 5)]

= "W hw,, ]
szoJ_W Wir i M)
pi=olW hwi, ; 1ij

1 - -
i:o(wi +] )]
= fu)+j Oj

where the rst equality is justi ed by (30).
4. f satis es condition C4. For any i, j1,j2 2 N, if j1  jo then
fG ) +ifGai N
= (6]1)Z(W h’ll)i, 3 I)+J(5]1)Z(W hwiv 3 I)J
= (0;)'(W huw, i+jw hw;, | ij)
(05) (W hw;, , i+jw hw;, , ij)

= f(,72) + (@ j2)i-

7

Therefore, we can use Proposition D.2 to do the following inference.

P, , ]
v =o(9;)'(W hw;, ;i)
Pifolimjgl(éj)l_(w hw,;, , 1)
W hwi, i
W Sohw, i
w hw, Ui
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Corollary B.13 Let féjgj:';o be a nondecreasing sequence of discount factors converging to 1. For
any static policy pp and weight function w, it holds that P1PP™ = lim, s 1 Poi-PP,W,

Proof. We need to show that PLPP™(s) = lim;x 1 P%:PP:W (), for any state s. Note that for any

discount 4, eacthtate s enables a unique dlscounted hyper-SP-derivation s —3517,,,,@,- J such

that F__;UJ Ji= 2 o(‘Et)Zhww ;, 1 for some properly related , and some w; with wg = 0. Let
Lowand = .. We have 3 =01, U Then we can infer that

1

lim;wq P‘Sj’pp’w'(s)'
= |imj!1W ], T
“mj!lﬁl, i= 0(5)hw,, i i
limies o(6;)i(W huws, , i)
w hw, i by Lemma B.12
PLep.w (5)

Theorem B.14 (Theorem 2.19) In a nitary wMDP, for any weight function w there exists a
static policy pp such that Pxy = PLPPW,

Proof. Let w be a weight function. By Lemma B.4 and Proposition B.10, for every discount factor
0 < 1 there exists a max-seeking static policy with respect to § and w such that

Pomy = PoPPW, (31)

max

Since the wMDP is nitary, there are nitely many di erent static policies. There must exist
a static policy pp such that (31) holds for in nitely many discount factors. In other words, for
every nondecreasing sequence 6,91, converging to 1, with 6, < 1 for all n 0, there exists a
sub-sequence 4, gjlzO converging to 1 and a static policy pp* such that

On;  bp? .
mix = PMiPPW  forall j 0. (32)

For any state s, we infer as follows.

Pmax(S)
= supfw huw, 0|Js =5 ¢
— . - s 3 0 . 0. _ Pl -
supflimjuq = 0((SnJ) ‘(W hw;, DjsHD., "withhw, "i= —ohwi, , ig
[by LemF_J,a B.12]
limju 1 supf  Zo(6,)'(W hwi, , D)js=D, "withhw, 'i= pi= Lohwi,  ig
1

= lim;x 1 supfw Z-J;O(énj)i(hwi, ii)j§=§w "with hw, "i= —ohwi, , ig
Iimjulsupfw huw!, °°ij§:§5nj7w, g
= Ilm]llpmax (8)

|Im] I 1 PSn PP W(S) [by (32)]
= PLPP’W(s) [by Corollary B.13]

The other direction, Pmax(s) Pl’PP?vW(s), is trivial in view of De nitions B.2 and B.8.
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C Compactness arguments

In this appendix we give the detailed proofs of the two results from Section 3.2, Proposition 3.10
and Proposition 3.12 which rely on compactness arguments.

Corollary C.1 Let be a subdistribution in a bounded wMDP. The set fhw, 'ij =), g
is compact and convex.

Proof. Let ppq,...,pp, (n 1) be all the static policies in the bounded wMDP. Each policy
determines a hyper-SP-derivation =), .; . By Theorem 2.27, the weight w; is nite. Let
C be the convex closure of fhw;, ;ij1 i ng. Let D be the set fhw, "ij =), g. By
Theorem 2.20 we have D  C. On the other hand, it is easy to see from Lemma 2.11(1) that D
is convex and thus ¢ D. Consequently, D coincides with C, the convex closure of a nite set.
Therefore, it is Cauchy closed and bounded, thus being compact.

In order to extend the above result to the relation =), for any a 2 Act, we need some prelimi-
nary concepts.

De nition C.2 Asubset D R Dgp(S) is said to be nitely generable whenever there is some
nite set ¥’ R Dgyp(S) such that D = IF. Thenarelation R X R Dgy(S) is said to be
nitely generable if for every z in X the set x R is nitely generable.

Lemma C.3 If aset is nitely generable, then it is compact and convex.

Proof. A direct consequence of the de nition of nite generability.

De nition C.4 Let R1,R22 Dgp(S) (R Dgyp(S)) be two relations. We de ne their composition
R1; Ry by letting Ri;R, hw, i if there are some wq,wo, ! such that R1 hwy, i and
Uthwz, i with wi +wy = w.

Lemma C.5 Let R1;,R2 Dgup(S) (R Dgup(S)) be nitely generable. Moreover, R» is both
linear and decomposable. Then the relation R1; R> is nitely generable.

Proof. Let B? be a nite set of pairs of reals and subdistributions such that R;= IB? fori =1, 2.
By exploiting the linearity and decomposability of R2, we can check that

Ri;R, = I [fhw,ei+B? jhw, i2B!g.
where hw, i + B? stands for the set fhw,ci+hv, ijhv, i2B?qg.
We are now ready to establish Proposition 3.10; it follows from this slightly more general result:

Lemma C.6 Let be a subdistribution in a bounded wMDP. The set fhw, Yij =), gis
compact and convex.

Proof. The relation =) is a composition of three stages: =); “¥:=). In the proof of Corollary C.1
we have shown that =) is nitely generable. Since a bounded wWMDP is nitary, the relation “¥
is also nitely generable. We observe that ¥ is both linear and decomposable, so is =) by
Lemma 2.11. It follows from Proposition C.5 that =) is nitely generable. By Lemma C.3 we
have that =) is compact and convex.
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Corollary C.7 In a bounded wMDP, the relation =) is the lifting of the compact and convex
relation =) g, where s =)g means s =)

Proof. The relation =) g is =) restricted to point distributions. We have shown that =) is
compact and convex in Lemma C.6. Therefore, =) ¢ is compact and convex. Its lifting coincides
with =), which follows from Proposition 2.11.

Our next step is to show that each of the relations C* is closed. This requires some results to
be rst established.

Lemma C8 IfR S (R o Dsu(S)) is compact, then so is its set of choice functions Ch(R).

Proof. Suppose that R is compact, that is closed and bounded. It is straightforward to show
that Ch(R), under the metric de ned on page 22, is therefore also closed and bounded. It follows
that Ch(R) forms a complete metric space. Moreover, since R is bounded, Ch(R) is also totally
bounded. Therefore, Ch(R) is compact, for a metric space is compact if and only if it is complete
and totally bounded.

Let 5(x) be a predicate with variable = ranging over some set X. We use the notation 3( ) to
represent the set fx 2 X j 5(z)g.

Lemma C.9 Suppose there is a continuous function ¢ : R2O I R and two convex relations
R1,R2 S (R o Dgup(S)) such that R; is compact and R; is closed. Then the set

Z=Ffhr, ijr2R gand9w 2R o:( Rihw, D)\( Rahg(r,w), i)& ;g
is closed.

Proof. We will use the continuous function E, de ned in the proof of Theorem 3.14; recall that it
also maps closed sets to closed sets.
Let r,w 2 R o, 2 Dgp(S),and f2 S ¥ R g Dgp(S). Then de ne the following four

functions

Hi: hhre, 0, f1® hreh (fHi

Hy: hrhw, 118 hhr,wi, 1

Fe: heyh Jfid®hrEC )i

Gg: hhrywi, 18 hg(r,w), 1

which are continuous. Finally let
Z=m(H*' F' Hy' G' E(f g Ch(R))N(R o Dan(S) Ch(Ru))

where 11 1 (R 9 Dgup(S)) Ch(R1) ¥ R g Dsup(S) is the projection onto the rst component
of a pair. Since R» is closed, it easily follows that Ch(R>) is also closed. Then the product
f g Ch(R) is closed. Its image under the closed function E is also closed. Since the four
functions G, H>, Fg, Hy are continuous and the inverse image of a closed set is closed, we know
that 7, Ft H,* G,* E(f g Ch(Ry)) is closed. On the other hand, since Ry is compact,
by Lemma C.8 the set of choice functions Ch(R1) is compact. It is then easy to see that (R ¢
Dsub(S)) Ch(R3) is closed. It follows that the intersection of two closed sets

H ' Fe' Hyt Gyt E(F g Ch(R)N(R o Dan(S)) Ch(Ri)
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is closed. By the tube lemma in topology theory, the projection 1 is closed®. Therefore, we have
that Z° is closed.
We now show that Z = 2.

hre, 122

i hhr, B AT2H Y R OH,' Gt E(F g Ch(Ry)) for some f1 2 Ch(Ry)
i hrh L pii2FY H,' G, E(F g Ch(Ry) for some f1 2 Ch(Ry)

i hrE( ,fl)iZHzl Ggl E(f g Ch(Ry))for some f; 2 Ch(R31)

i hr Exp (fl)i2H21 Ggl E(f g Ch(Ry)) for some f1 2 Ch(R1)

i Rihw, "iandhrhw, 'ii2H," G,' E(f g Ch(Ry)for somehw, 'i
i Rihw, "iandhhr,wi, "'i2G, E(F g Ch(Ry) for some hw, Ui

i Rihw, Yiandhg(r,w), "i2E(f g Ch(R>) for some hw, Ui

i Rihw, Yiand Ryhg(r,w), Cifor somehw, Ui

i ( Rihw, )\( Rzhg(r,w), i) 6 ; for some w

i hr, 1227

This lemma enables us to establish the second requirement of the appendix:

Proposition C.10 [Proposition 3.12] In a bounded wMDP, for every k& 2 N, the relation C* is
closed and convex.

Proof. By induction on k. For k = 0 the result is obvious. So let us assume that C* is closed and
convex. We have to show that

s C**1 js closed and convex, for every state s (33)

For every a, v, let

Gaw, =Fhr, i jr2R gand9w2R o:( =Du)\( Ckrpy »)E;Q.

By Corollary C.7, the relation =) is lifted from a compact and convex relation. By induction
hypothesis we know that CF is closed and convex. The function g: R?, ¥ R ¢ given by g(r,w) =
r+w v is continuous. So we can appeal to Lemma C.9 and conclude that each G, is closed.
By De nition 2.2 it is also easy to see that G, is convex. But it follows that s C**1 is also
closed and convex as it can be written as

\fG,,, js T, @

In general, the projection 1 :X Y ¥ X is not closed. For example, if X =Y =R, then ; maps the closed set
fhx;yi 2 R? j xy = 1g into Rnf0g which is not closed. However, the tube lemma tells us that if X is any topological
space and Y a compact space, then the projection map 1 is closed.
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D Bounded continuity

In this section we study the property of bounded continuity of real-valued binary functions, which
plays a crucial role in the proof of Lemma B.12. We rst consider nonnegative functions.

Proposition D.1 [Bounded continuity - nonnegative function] Given a function f: N N ¥ R
which satis es the following conditions

C1. f is monotonic on the second parameter, i.e. j; j2 implies (¢, j1) f(,j2) for all
i7j17j2 2 N.

C2. For any i 2 N, the limit lim; s 1 f(7, 5) exists.

P
C3. For any n 2 N, the partial sum S, = "_;lim;x 1 f(, ) is bounded, i.e. there exists some
c2R gsuchthat S,, cforalln O.

then it holds that
X - . . - X . .
Jim 7G5y = Jim o fG0).

i=0 T =0
Proof. Let ¢ be any positive rea{;,number By C3 the sequence fS,g1, is bounded and it is
nondecreasing, so it converges to  ;_lim;x 1 f(3, 7). Then there exists some n. 2 N such that

X > .
R I T WG B (34

m
=0t =07~

By C1 and C2, for any ¢« 2 N, the sequence ff(i,j)gjj;o is nondecreasing and converges to

lim; v a f(i,7). Therefore, for each i 2 N, there exists some m;.,, 2 N such that

€

8 micn 0 lm fG) SG) go—y: (35)

Let m¢ = maxfm;., jO ¢ n.g. It follows from (35) that

> X
8j me: 0 Nim /@@, 77) VAC2%) (36)
=07 ~ i=0
By summing up (34) and (36), we obtain
X >
8 me: 0 lim fG.5  fGa) e (37)
=07~ i=0

By C1 and 52 we have that f(i,j) limj x4 f(i, 4% for any 4,5 2 N. So for any j,n 2 N the
partial sum ~ _, f(4, j) is bounded as

> x :
£ ) lim £,/ o
7’

1=0 =0
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. . P .
according to C3. Thus it converges to i1:0 f(@, 7). Then for any j 2 N there exists some n; . such

that
K >
8n  nj: 0 f@,J) fG@,5) e (38)
=0 =0

Now consider the particular case that j = m.. Let N. = maxfn., n,, 9. We know from (37)

X x
0 lim f(i, j) f@,me) e (39)
=0’ "t i=0
From (38) we infer that
X X
€ f(i,me) f@,meg 0. (40)
i=0 i=0

By summing up (39) and (40), we derive that

X X
€ lim (i, j) fG,me) e (41)
=0/ 't =0
We conclude from (41) that
- X . . X - . .
fim JGD =l G0

Proposition D.2 [Bounded continuity - general function] Given a function f : N N ¥ R which
satis es the following conditions

Cl. Forall i,j1,j2 2N, we have j1  jo implies jf(i,j1)]  1f(Z j2)i.
C2. Forany i 2 N, the limit lim;x 1 jf(, j)] exists.

F)
C3. For any n 2 N, the partial sum S, = '_lim;x 1 jf(4, 5)j is bounded, i.e. there exists some
c2R gsuchthat S,, cforalln O.

C4. For all 4,j1,j2 2 N, we have j1  jp implies f(i,j1) +jf(i,51)]  f(@i,52) +if (@, 52)).
then it holds that

x X
jll!rgf(fé,j) = jllml 1@, ).

=0 =0

Proof. For any i,5 2 N, we have f(i,7) +jf(, 70  2jf@,5)] 2 limjuqjf(i,5)j by C1land C2.
Therefore, for any ¢ 2 N, the sequence ff(i, j) +jf(z‘,j)jgj1=O has a limit. That is, we have the
condition

C5. for any i 2 N, the limit lim; s 1 (f (¢, 7) +]f(%, 7)]) exists.

56



Moreover, it holds that lim; s 1 (f(4, ) +jf (%, 5))) 2 limjx 1 jf(i,7)j. It follows that

P P
C6. for any n 2 N, the partial sum = [, lim;x 1. (f(¢,5) +jf(, 5)j) 2 olimjuajf@i,9)i

2c.

By Proposition D.1 and conditions C1, C2 and C3, we infer that

jllml Z:ojf(m)J = izojll!mljf(m)L

By Proposition D.1 and conditions C4, C5 and C6, we infer that

X X
lim  (fG5) +ifGD) = lim (f(2,7) + 137G, D)
UL it

i i=0
. Pq Py . .0 o P1o.
Since =0 f(i,5) = Zo(f G 5) +1f (G 5)D) =01/ (@, 5)i, we then have
. P, .. . . P11 ... . .. P11,
Ilmj!l i:Of(Zvj) = Ilmj!l( Z:O(f(lv.j)+Jf(Zv.7)J) i:OJf(Zv.])J)
[existenqg,of the two limits by (42) and (4%},]

v (42) and (43)]

Pi}o limj e 1. (f(i,5) +if G 3G, D))
o limju 1 £(i, )

E Completeness for bene ts testing

limjea Zo(fG,0) +ifGAi) limjua EoifG,5)i

P
piso My e 1. (F(, ) +if G DD Lolimjua jf(i, )i
pizo(im; e 2 (f(G,5) +if( NI limjx 2 jfG, )i

(42)

(43)

Here we outline the details for the proof of Theorem 4.12, which underlies the completeness of
bene ts testing for amortised weighted simulation. They are a variation on the proof of the corre-

sponding result in [DvGHMO09].
Lemma E.1 Let be a distribution and T, T; be tests.

1. 02 Outcomes( jjw)i o=h0,Ji.

2. 0 2 Outcomes( jj ap.T) and o & O i =Y, Yand o = o' +hw,0i for some o' 2

Outcomes( "jj 7).

3. 020utcomes( jjTi, T2)i o=p; oo+ (1 p) oz for some o; 2 Outcomes(

4. 0 2 Outcomes( jj (70. 11 + 10.12)) if there are ¢ 2 [0, 1], weight w and distributions

i 7).

1,

2

suchthat =D, ¢ 1+(0 ¢q) 2ando=q o1+ (@ ¢) oo+ hw,0i for certain

0; 2 Outcomes( ; jj T;).
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Proof.

1. The states in the support of jj w has a unique outgoing transition labelled by w. There-
fore, jj w is the unique extreme derivative of itself. As Success( jj w) = &, we have
Outcomes( jjw) =*th0,dig.

2. (Q) Suppose =Y, ! o 2 Outcomes( "jj T) and 0o = o' + hw,0i. With loss of
generality we may assume that =), 1 T, 2 =Dws | With w = wy + wy + ws.
Using Lemma 3.3, we have that  jj ao.7 =D w; 1jia0.T W, 20T Dws 'iiT. It
follows that o 2 Outcomes( jj ao.T).

(D) Suppose o 2 Outcomes( jj ap.T) and o & 0. Then there must be a ° such that
Dw, T, "andsome o 2 Outcomes( jj T) exists with o = o' +hwy + wo, 0.

3. (Q) Suppose o; 2 Outcomes( jj T;) for i = 1,2. Then jj T; =), ; for some stable
; with o; = hw;, Success( ;)i. By Proposition 2.11(4) we have jjTi, T» =D

with w = pwy +(1 pwrand =p 1+ (1 p) 2. Clearly, is also stable and

Success( ) =p Success( 1)+ (1 p) Success( 2). Hence, 0 2 Outcomes( jj 71, 712).

(D) Suppose o 2 Outcomes( jj 11, T2). Then there is a stable such that jj 71,
T, =), and o = hw,Success( )i. By Proposition 2.11(3) there are ; for i = 1,2,
such that  jj 7, =)u; sandw =pwr+ @ pwzand =p 1+@ p) 2 As

1 and , are stable, we have hw;, Success( ;)i 2 Outcomes( jj 7;). Moreover, o =
p hwi,Success( 1)i+ (1 p) hwy,Success( 2)i.

4, Suppose D, q¢ 1+(@1 ¢ o and o; 2 Outcomes( ; jj T;). Then there are stable
i with ] T; :§wi ; and o; = hw;, Success( ;)i. Using Lemma 3.3, we have that
ji (oTu+70.12) Dwq (1 GoTi+101)+ A q) ( 2] (0. Ty +70.12) Mo
¢ 1T+ @ 2iiTDwy withw'=qu+0 Qurzand =g¢ 1+(@1 ¢q) o
Clearly, is stable and Success( ) = ¢ Success( 1) + (1 ¢) Success( 2). Hence,

q o1+ (@ ¢q) op+hw,0i2Outcomes( jjTi, T2).

The converse to part (4) of Lemma E.1 also holds, though its proof is much more complicated.

Lemma E.2 If o 2 Outcomes( jj (70.11 + 10.1%)) then there are ¢ 2 [0, 1], weight w and
distributions 1, ,suchthat =),q¢ 1+@ ¢) 2ando=gq o1+ ¢q) oo +hw,0i for
certain o; 2 Outcomes( ; jj 1;3).

Proof. By mimicking the corresponding proof in [DvGHMOQ9].

Proposition E.3 In a bounded wMDP, for every formula ¢ 2 L there exists a pair (T, v,) with
T, a multi-success test and v, 2 [0,1] such that, for any weight » and distribution

(1) Ifhr, i ¢ then 902 Outcomes( jjTy):vy o+ hr,Oi.

(2) If 90 2 Outcomes( jjTy) :vy o+hr, 0i then there exists some weight ' such that * r

and hr', i o.
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Ty is called a characteristic test of ¢ and v, its target value.

Proof. For any ¢ 2 L we de ne the pair T}, and v4 by structural induction.

€

)

Let ¢ = tt. Take T := wp.0 for some w 2 and vy :=h0,di.

Let ¢ = hai . By induction, ¢» has a characteristic test T;, with target value v,. Take
T¢ = ao.Tw and Vg = Uy + h’l),ﬁi.

Let ¢ = ¢1 ™ ¢». Choose -disjoint tests 71, 7> for ¢1 and ¢, with target values vy, v». Let
p 2 (0,1) be chosen arbitrarily. We de ne Ty, :=T1, T>andvy:=p vi+(1 p) va.

Let ¢ = ¢1, ¢2. Choose -disjoint tests 73,75 for ¢ and ¢ with target values vq, v, and
two fresh success actions wy,wp. Let 77 := T;; w;and ! := v; + 200, i. Note that for
1 = 1,2 we have that Tf is also a characteristic test of ¢; with target value v;. We de ne
Ty =701 +013and vy :=p v} + (@1 p) o}

We now check by induction on ¢ that (1) and (2) above hold.

Let ¢ = tt. For any con guration hr, i, there exists some o 2 Outcomes( jj wg.0)
withh0,&i o o+hr0i, using Lemma E.1(1).

Let ¢ = hai . Suppose hr, ij= ¢. Then there are w, 'with =), 'andhr+w
v, Uij=1. By induction, there exists o, 2 Outcomes( 'jj T,) with v, oy +hr+w
v,0i. By Lemma E.1(2), there is some o0 2 Outcomes( jj ag.Ty) with 0 = oy, +hw, Q1.
It follows that vs = v, +hv,0i o-+hr,0i as required.

Let ¢ = ¢1 ™ ¢p. Suppose hr, 1 ¢. Then hr, 1 ¢; for i = 1,2. By induction,
there exists o; 2 Outcomes( jj 7;) with v; o; + hr,0i. By Lemma E.1(3), we have
o:=p vi+( p) vy 2O0utcomes( jjT,),andvs o+hr0i.

Let o = ¢1, ¢2. Suppose hr, 1 ¢. Then there are r1,r2, 1, 2suchthathr, 1=
p hry, 11+ @ p) hry, 2iand hr;, ;i ¢; for i = 1,2. By induction,there exists
some o; 2 Outcomes( ; jj T;) with v; 0; + hr;,0i. By Lemma E.1(1), we have
ho,w;i 2 Outcomes( ; jj w;). Since T} = Ty  wi by Lemma E.1(3), there is some

ol:=3 o;+3% h0,w;i 2 Outcomes( ; jj I7). We note that

0 1
v, &= 5 v+

L. 1 .1 . .1 -
i = 5 5 h0,w; 1 = (ol+hrz,Ol)+§ hO,w;i = o;+ = hr;, Ol

2 i

By Lemma E.1(4), there exists some o :=p o} + (1 p) o) 2 Outcomes( jj (r0.7} +
70.73)). Therefore,

1 5. 1 S 1 - .
Vg D (001+§ hry,0i) +(1  p) (002+§ hrp,00) = 0+§ hr,0i o+hr 0i.

Let ¢ = tt. For any con guration hr, 1, we have hr, 1 ¢.
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Let ¢ = hai 3. Suppose there exists some o 2 Outcomes( jj Ty) with vy o+ hr, 0i.
It is easy to see that o & 0 because o(w) vy(w) & 0 for some w 2 . By Lemma E.1(2)
we have —ﬁw Yand o = o"+hw,0i for some o' 2 Outcomes( " Ty). It follows that
vy +hv, 00 o' +hw, O|+hr 0i. In other words, v, o' +hr+w wv,0i. By induction,
there is some weight ' r+w o with h7?, Yi F 4. Let #¥ := max(0,7" w + v).
Clearly, we have ¥ ¥ w+ov r. It holds that hr® i = ¢. To see this, we consider
two cases: (i) if '® =" w+ovthen® w+wv 0 and by the de nition of = we get
hl w+wv, TFE@ @)ifr"=0thens’ w+v 0,ie. w v 7 which implies
hw v, Yij by Lemma 3.15 and then h0, i ¢.

Let ¢ = ¢1 ™ ¢2. Suppose there exists o 2 Outcomes( jj Ty) with vy o+ hr,0i. By
Lemma E.1(3) we have o =p 01 +(1 p) oy for certain o; 2 Outcomes( jj T;). Recall
that 11,7, are -disjoint tests. There exists weight r; that v; 0; +hr;,0i for both
1 =1,2. To see this, we observe that (i) v;(w) o;(w) forallw 2 for if v;(w) > o;(w) for
some ¢ = 1 or 2 then w must occur in 7; but notin 73 ;, thus vz ;(w) = 0 and vg(w) > o(w),
in contradiction with the assumption; (ii) if z; and y; are the weight components of v; and
o; respectively, then we can simply choose r; := max(0,z; ;) to ensure that z;  y; +7,.
By induction, there exists some weight ! r; such that h+!, i = ¢;, fori =1 and 2.
Let v = max(r,7%,7). By Lemma 3.15 we have hr?, i = ¢;, hence h»®, i = ¢.

Let o = ¢1, ¢2. Suppose there is some o 2 Outcomes( jj Ty) such thatvy  o+hr, 0i.
By Lemma E.2, there are ¢,w, 1, 2 suchthat =), ¢ 1+@ ¢) .ando=
g &b+ q) oh+hw,0i for certain o} 2 Outcomes( ; jj 77). Now v}(w;) = ol(w;) = 3
for both ¢ = 1 and 2, so using that 71,7 are -disjoint tests, %p =p (w1) = vg(w1)
o(w1) = q oj(w1) = 3¢ and likewise 3(1 p) = (1 p) vh(wz) = ve(w2) olwz) =
a 9 ooz(wz) = %(1 q). Together, these inequalities say that p = ¢. Exactly as
in the previous case one obtains v} o} + hr;,0i for some weight 7, Where i=1,2.
Given that 7} = T;; w;, using Lemma E.1(3), it must be that o} = 30; + 3u; for some
o; 2 Outcomes( ; jj T;) with v;  o; + 2r;. By induction, there exists some ri 2r;
such that hr?, i j= ¢;, for i = 1 and 2. Let ¥ = max(r, pr{ + (1 p)r}). We have
h® i ¢, using Lemma 3.15.

Corollary E.4 [Theorem 4.12] In a bounded WMDP, if V{5, then there exists some ¥ such
that Y rand L(O, ) L(7, ).

Proof. For any ¢ 2 L(0, ), we have h0, i ¢. Let Ty be a characteristic test of ¢ with target
value v4. By Proposition E.3(1), there exists some o 2 Outcomes( jj Ty) such that vy  o.
Since anmay , there is some o’ 2 Outcomes( jj Ty) such that o o' +hr,0i. It follows

that v, ol +hr,0i. By Proposition E.3(2), there exists some weight ! such that » r and
hel, T1F ¢, ie ¢2L0Y ).
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