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Abstract

We study a process calculus which combines both nondeterministic and probabilis-
tic behavior in the style of Segala and Lynch’s probabilistic automata. We consider
various strong and weak behavioral equivalences, and we provide complete axiom-
atizations for finite-state processes, restricted to guarded recursion in case of the
weak equivalences. We conjecture that in the general case of unguarded recursion
the “natural” weak equivalences are undecidable.

This is the first work, to our knowledge, that provides a complete axiomatization
for weak equivalences in the presence of recursion and both nondeterministic and
probabilistic choice.
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1 Introduction

The last decade has witnessed increasing interest in the area of formal methods
for the specification and analysis of probabilistic systems [22,5,3,20,26,7]. In
[28] van Glabbeek et al. classified probabilistic models into reactive, generative
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Fig. 1. Probabilistic models

and stratified. In reactive models, each labeled transition is associated with a
probability, and for each state the sum of the probabilities with the same label
is 1. Generative models differ from reactive ones in that for each state the
sum of the probabilities of all the outgoing transitions is 1. Stratified models
have more structure and for each state either there is exactly one outgoing
labeled transition or there are only unlabeled transitions and the sum of their
probabilities is 1.

In [22] Segala pointed out that neither reactive nor generative nor stratified
models capture real nondeterminism, an essential notion for modeling schedul-
ing freedom, implementation freedom, the external environment and incom-
plete information. He then introduced a model, the probabilistic automata
(PA), where both probability and nondeterminism are taken into account.
Probabilistic choice is expressed by the notion of transition, which, in PA,
leads to a probabilistic distribution over pairs (action, state) and deadlock.
Nondeterministic choice, on the other hand, is expressed by the possibility of
choosing different transitions. Segala proposed also a simplified version of PA
called simple probabilistic automata (SPA), which are like ordinary automata
except that a labeled transition leads to a probabilistic distribution over a set
of states instead of a single state.

Figure 1 exemplifies the probabilistic models discussed above. In models where
both probability and nondeterminism are present, like those of diagrams (4)
and (5), a transition is usually represented as a bundle of arrows linked by
a small arc. [24] provides a detailed comparison between the various models,
and argues that PA subsume all other models above except for the stratified
ones.

In this paper we are interested in investigating axiom systems for a process
calculus based on PA, in the sense that the operational semantics of each
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expression of the language is a probabilistic automaton 1 . Axiom systems are
important both at the theoretical level, as they help to gain insight into the
calculus and establish its foundations, and at the practical level, as tools for
systems specification and verification. Our calculus is basically a probabilistic
version of the core CCS used by Milner to express finite-state behaviors [13,15].

We shall consider four types of behavioral equivalences: two strong bisimu-
lation equivalences, a weak equivalence sensitive to divergence, and observa-
tional equivalence. For recursion-free expressions we provide complete axiom-
atizations of all the four equivalences. For the strong equivalences we also give
complete axiomatizations for all expressions, while for the weak equivalences
we achieve this result only for guarded expressions.

The reason why we are interested in studying a model which expresses both
nondeterministic and probabilistic behavior, and an equivalence sensitive to
divergence, is that one of the long-term goals of this line of research is to
develop a theory which will allow us to reason about probabilistic algorithms
used in distributed computing. In that domain it is important to ensure that
an algorithm will work under any scheduler, and under other unknown or un-
controllable factors. The nondeterministic component of the calculus enables
one to deal with these conditions in a uniform and elegant way. Furthermore,
in many distributed computing applications it is important to ensure livelock-
freedom (progress), and therefore we will need a semantics which does not
simply ignore divergences.

We are interested, in particular, in developing a fully distributed implemen-
tation of the (synchronous) π-calculus (π) [16,21] using a probabilistic asyn-
chronous π-calculus (πpa) [12] as an intermediate language. The reason why
we need a probabilistic calculus is that it has been shown impossible to im-
plement certain mechanisms of the π-calculus without using randomization
[18]. We need also the nondeterministic dimension for the usual reasons: the
implementation should be portable and in particular make no assumption
about the scheduler. Some preliminary initial results of this project appeared
in [19], where preliminary results on implementation were reported. We are
now investigating a more realistic and efficient implementation.

We consider it important that an implementation does not introduce livelocks
(or other kinds of unintended outcomes), thus the translation from π to πpa

should preserve livelock-freedom (see [19] for a discussion on the subject),
and hence the semantics should be sensitive to divergence. For this reason,
the second author chose (a probabilistic version of) testing semantics in [19].
However, it turned out that probabilistic testing semantics, at least the version

1 Except for the case of deadlock, which is treated slightly differently: following the
tradition of process calculi, in our case deadlock is a state, while in PA it is one of
the possible components of a transition.
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invented in [19], was rather difficult to use. The correctness proofs were ad-
hoc, by hand, and rather complicated. For the realistic (and necessarily more
sophisticated) implementation, we need proof methods feasible and (at least
in part) automatic. For this reason, we are investigating here a divergence-
sensitive bisimulation-like semantics. In the future, we plan to extend the
results of this paper to πpa.

Related work

In [13] and [15] Milner gave complete axiomatizations for strong bisimula-
tion and observational equivalence, respectively, for a core CCS [14]. These
two papers serve as our starting point: in several completeness proofs that
involve recursion we adopt Milner’s equational characterization theorem and
unique solution theorem. In Section 5.1 and Section 6.2 we extend [13] and [15]
(for guarded expressions), respectively, to the setting of probabilistic process
algebra.

In [25] Stark and Smolka gave a probabilistic version of the results of [13]. So,
our paper extends [25] in that we consider also nondeterminism. Note that,
when nondeterministic choice is added, Stark and Smolka’s technique of prov-
ing soundness of axioms can no longer be used. (See the discussion at the
beginning of Appendix A.) The same remark applies also to [1] which follows
the approach of [25] but uses some axioms from iteration algebra to charac-
terize recursion. In contrast, our probabilistic version of “bisimulation up to”
technique works well when combined with the usual transition induction.

In [17] Mislove et al presented a domain model for a process algebra with both
probabilistic and nondeterministic choice. Their model is fully abstract with
respect to a strong bisimilarity, for which they provided a complete axioma-
tization. However, weak behavioural equivalences are not considered in that
paper.

In [6] Bandini and Segala axiomatized both strong and weak behavioral equiv-
alences for process calculi corresponding to SPA and to an alternating model
version of SPA. As their process calculus with non-alternating semantics cor-
responds to SPA, our results in Section 7 can be regarded as an extension of
that work to PA.

For probabilistic process algebra of based on ACP, several complete axiom
systems have appeared in the literature. However, in each of the systems ei-
ther weak bisimulation is not investigated [4,2] or nondeterministic choice is
prohibited [4,3].
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Contribution of this work

The original contributions of this paper are:

• A complete axiomatization of a calculus which contains both nondetermin-
istic and probabilistic choice, and recursion. We axiomatize both strong and
weak behavioral equivalences. This is the first time, as far as we know, that
a complete axiomatization of weak behavioral equivalences is presented for
a language of this kind.

• The development and the axiomatization of a (probabilistic) weak behav-
ioral equivalence sensitive to divergence.

Plan of the paper

In the next section we briefly recall some basic concepts and definitions about
probability distributions. In Section 3 we introduce the calculus, with its syn-
tax and operational semantics. In Section 4 we define the four behavioral
equivalences we are interested in, and we extend the “bisimulation up to”
technique of [14] to the probabilistic case. This technique is used extensively
for the proofs of soundness of some axioms, especially in the case of the weak
equivalences. In Sections 5 and 6 we give complete axiomatizations for the
strong equivalences and for the weak equivalences respectively, restricted to
guarded expressions in the second case. Section 7 gives complete axiomatiza-
tions for the four equivalences in the case of the finite fragment of the language.
The interest of this section is that we use different and much simpler proof
techniques than those in Sections 5 and 6. Finally, Section 8 concludes and
illustrates our research plans.

2 Preliminaries

Let S be a set. A function η : S 7→ [0, 1] is called a discrete probability
distribution, or distribution for short, on S if the support of η, defined as
spt(η) = {x ∈ S | η(x) > 0}, is finite or countably infinite and

∑
x∈S η(x) = 1.

If η is a distribution with finite support and V ⊆ spt(η) we use the set {(si :
η(si))}si∈V to enumerate the probability associated with each element of V .
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Lemma 39 Suppose dX(G) > 1, η = {(ui, Gi : pi)}i∈I and G{E/X} ⇒ η.
Then Gi = G′

i{E/X} for each i ∈ I. Moreover, G{F/X} ⇒ η′ and η ≡R∗ η′,
where η′ = {(ui, G

′
i{F/X} : pi)}i∈I and

R = {(G{E/X}, G{F/X}) | for any G ∈ E}.

Proof. A direct consequence of Lemma 38. 2

Lemma 40 Let dX(G) > 1. If G{E/X} ⇒c η then G{F/X} ⇒c η′ such that
η ≡R∗ η′ where R = {(G{E/X}, G{F/X}) | for any G ∈ E}.

Proof. Let η = r1η1 + ... + rnηn and G{E/X} ⇒ ηi for each i ≤ n. By
Lemma 39, for each i ≤ n, there exists η′

i s.t. G{F/X} ⇒ η′
i and ηi ≡R∗ η′

i.
Now let η′ = r1η

′
1 + ... + rnη′

n, thus G{F/X} ⇒c η′. By lemma 36 it follows
that η ≡R∗ η′. 2

Proof of Proposition 15(3). We show that the relation
R = {(G{E/X}, G{µXF/X}) | for any G ∈ E}

is an observational equivalence up to ≃. That is, we need to show the following
assertions:

(1) if G{E/X} ⇒ η then there exists η′ s.t. G{µXF/X} ⇒c η′ and η ≡R≈
η′;

(2) if G{µXF/X} ⇒ η′ then there exists η s.t. G{E/X} ⇒c η and η ≡R≈
η′;

We concentrate on the first clause as the second one is similar. The proof
is carried out by induction on the depth of the inference of G{E/X} ⇒ η.
There are several cases depending on the structure of G. As an example, here
we consider the case that G ≡ X.

We write G(E) for G{E/X} and G2(E) for G(G(E)). Since E ≃ F (E), we
have E ≃ F 2(E) since ≃ is an congruence relation by Proposition 15. If
E ⇒ η then by Lemma 37 there exists θ1 s.t. F 2(E) ⇒c θ1 and η ≡≈ θ1. Since
X is guarded in F , i.e., dX(F ) > 0, then it follows that dX(F 2(X)) > 1. By
Lemma 40, there exists θ2 s.t. F 2(µXF ) ⇒c θ2 and θ1 ≡R∗ θ2. From Proposi-
tion 14 we have µXF ∼ F 2(µXF ), thus µXF ≃ F 2(µXF ). By Lemma 37 there
exists η′ s.t. µXF ⇒c η′ and θ2 ≡≈ η′. From Lemma 35 and the transitivity of
≡R≈

it follows that η ≡R≈
η′. 2
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